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Operational Models as Coalgebras
Behaviour: endofunctor B

Operational Model: B-coalgebra

k : X // BX

Running Example

B : Set // Set BX = 1 +A×X

• k : X // 1 +A×X (strongly) deterministic transition system

k(x) = ∗ ks +3 x ↓

k(x) = 〈a, x′〉 ks +3 x
a

// x′
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Determinism

B : Set // Set BX = 1 +A×X x
a

// x′ or x ↓

Examples of computations:

• (terminating) x
a

// x1
b

// x2
c

// x3 ↓

• (infinite) y
a

// y′
b

// y
a

// y′
b

// y · · ·

Final Coalgebra: A∞ ∼= 1 +A×A∞

ε � // ∗
a · w � // 〈a,w〉

a · b · c ; • a
// • b

// • c
// • ↓
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Coinductive Extension
Maps a state to the word corresponding to its computation

k@ : X // A∞ x
a

// x1
b

// x2
c

// x3 ↓

k@(x) = a · b · c

= • a
// • b

// • c
// • ↓

k@(x) =

{
ε if x ↓

a · k@(x′) if x
a

// x′
X

k
// 1 +A×X

A∞
��k@
�
�
�

oo

∼=
// 1 +A×A∞

�� 1+A×k@
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Existence of Final Coalgebras

If B preserves limits of ωop-chains

+3 Basic Lemma [Smyth & Plotkin 82 ]

Final B-coalgebra as limit of 1 oo B1 oo B21 oo · · ·

Problem: not true for the finite powerset endofunctor Pfi

See my thesis, pages 168-9

Still, final Pfi-coalgebra exists [Aczel & Mendler 89, Barr 92 ]:

• set of rooted finitely branching trees modulo bisimulation.
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Coalgebraic Bisimulation

X R
r1

oo
r2

// X ′

BX
��

k

BR
Br1

oo

Br2

//

��

BX ′
�� k
′

[Aczel & Mendler 89 ]
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Final Coalgebras & Bisimulation

• Final Coalgebras are internally fully abstract

? p ∼ q ks +3 p = q

• Coinductive Extensions identify bisimilar states

? x ∼ y +3 k@(x) = k@(y)

? x ∼ y ks k@(x) = k@(y) if B preserves weak pullbacks
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Example

X
k

// 1 +A×X

X
}}

idX {{{{{{{{{

A∞Xoo

�� idX
[

�
�
�
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�� 1+A×idX

[



9

Cofree Coalgebras (ctd)

Y



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation:



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra (X-computations)



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra (X-computations)

B : C // C



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra (X-computations)

B : C // C Y



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra (X-computations)

B : C // C Y Y
k

// BY



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra (X-computations)

B : C // C Y Y
k

// BY

X



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}

f {{{{{{{{{

A∞Xoo

�� f
[

A∞X

��f[
�
�
�

// 1 +A×A∞X
�� 1+A×f[

Notation: DX ≡ final X ×B-coalgebra (X-computations)

B : C // C Y Y
k

// BY

X
||

f xxxxxxxxxx

DXoo

�� f
[

DX
��f[
�
�
�

// BDX
�� Bf

[



9

Cofree Coalgebras (ctd)

Y Y
k

// 1 +A×Y

X
}}
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The Category of T -Algebras

The (homo)morphisms f : 〈X,h〉 // 〈X ′, h′〉 of T -Alg are given by

morphisms f : X // X ′ such that

TX
Tf
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h
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X
f

// X ′
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