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Operational Models as Coalgebras

Sehaviour: endofunctor 5
Operational Model: B-coalgebra
k:X - BX

B Set - Set BX =1+ AxX

k: X -1+ AxX (strongly) deterministic transition system



Determinism

: Set — Set X = X r — T
Examples of computations:
. b
(terminating) T -1 — 3y — x3 |
o b b
(infinite) y —y —y =y oy -
A>X = A
£ —
a-w - (a,w)
a b c

a-b-c ® - o -0 - o]



Coinductive Extension

Maps a state to the word corresponding to its computation

: X — A 75 iazl iajg ixgl
(x) = a-b-c
— .i.—b>.—c>.l
a-ko(z") ifx - 2 ; |



Existence of Final Coalgebras

If 5 preserves limits of w°P-chains
[Smyth & Plotkin 82]

Final B-coalgebra as limit of 1 — B1 -~ B?1 - --.
not true for the finite powerset endofunctor
See my thesis, pages

Still, final 7Ps-coalgebra exists [Aczel & Mendler 89, Barr 92

set of rooted finitely branching trees modulo bisimulation.



Coalgebraic Bisimulation

1 r2
X R X’
k| | K
BX — BR — BX'
Brq

Bre

[Aczel & Mendler 89]



Final Coalgebras & Bisimulation

Final Coalgebras are

k p~q == p=gq

Coinductive Extensions identify bisimilar states
x w~y = kO(r) =k%(y)

x x~y - k(x)=k%y) ifB



Cofree Coalgebras

Final 5-Coalgebra: A% = A

: a b C
abstract computationse — e —~ e — e —

What if we want computations with states in X7

a b C
X — 1 — 9 — X3 — -

( A%)
AX

Final -Coalgebra: A%
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Coinductive Extension along an Arrow

k
dy X — 1+ AxX
/ ilde ll—I—AXide
X — A% — 14+ AXA¥Y



Cofree Coalgebras (ctd)

k
Y Y — 1+ AxY
J |
R £ | 1+Ax
X — A AP . 14 AxAS

Notation: DX = final X x B-coalgebra (X -computations)

k
B:C —-C s Y Y — BY
o o | By
X -— DX DX — BDX

DX — BDX is the cofree B-coalgebra over X

l.e. Upg: B-Coalg — C has a right adjoint
G: C — B-Coalg
X —~ DX - BDX
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Cofree Coalgebras (ctd)

DX = final -coalgebra
k
.C —-C s Y Y — BY
e ‘ l

— DX DX — BDX
DX — BDX is the cofree [J-coalgebra over X

l.e. /g : B-Coalg ~ C has a C —~ DB-Coalg
What is D17 A = DA = BDA

* the final /5-coalgebra!

* l-computations = most computations
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Dualities

Behaviour Signature
-Coalgebras -Algebras
k:X - BX h:>X - X
Operational Models Denotational Models
(Coalgebraic) Bisimilarity Compositionality
Final Coalgebra Initial Algebra

Cofree Coalgebra over X
Computations with in X




Free Algebras

Terms ( )
E > e:u=zero | plus(e1,es) | times(ey,es)
x 0 CX0 CX%0 CX30 C---
Terms with D¢

Ex Deu= 1 |zero | plus(er,es) | times(eq,es)

x X CX+XX CX+XX CX+¥YX C--.

Notation: 717X = initial -algebra
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Final -coalgebra
DX = DX
. C - C
k

;Y Y —— BY
e ¢ l
-— DX DX — BDX
Cofree 5-Coalgebra over X

DX - BDX
B : 3-Coalg - C
X=DX —- BDX
gGX =DX
D is a
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Initial -Algebra
TX = TX
. C - C
h
; Y Y —>3Y
e : |

— TX TX —>XTX
Free >-Algebra over X

TX - TX

s :C — >-Alg
X=>TX -TX
s X =TX
1" 1s a



Algebras of Monads

T = (I',n, ) monad on C

T

h:TX — X such that

nx Th
X —TX T?°X —TX

SN bh ex |
X TX - X
wp, TX —STX

/ IAldTXjj T idy
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The Category of 7T-Algebras

The (homo)morphisms f : (X, h) — (X', h') of T-Alg are given by
morphisms f : X — X’ such that

Tf
TX — TX'
h| | B
X — X'

f
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T'=Ugxkl

D =UgG

>.-algebras are T-algebras

>-Alg = T-Alg
h
g, X — XX
1dx A
7 tidxt ] Sidy!

X —TX —>TX
-Coalg = D-Coalg
k
4. X —— BX
1d x |

7 idy” | Bidy’
X — DX — BDX
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