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http://www.dcs.ed.ac.uk/home/dt

Starting Point: and

Induction ~ T =(T,n, 1)
* Initial Algebra: 70 = 710
puo: T°0 —> T0
Coinduction ~ D = (D,¢e,0)
* Final Coalgebra: D1 = D1

61: D1l —p D21



Semantics

-] : — D
x compositional Lf(t1, .- tn)] = 7 ([t - - -5 [En])
% respecting bisimulation ti~ty  — [t1] = [t2]
— T0 — D1 |
T[]
720 > TD1
Mo | ] L ?
T0 » D1
? ] | 81
DTO0 » D?1



Distributive Laws

? :T0—> DTO ? :TD1—> D1

Distributive Law! AN:T'D=DT

* A family of maps Ax : T DX — DT X such that. . .

k Tk Ax
X —-> DX — I'X —>1TDX —> DIT'X

A
0 — DO - T0 —> T DO — DTO

h Ax Dh
TX —> X — TDX —> DT X —> DX

A
T1 —» 1 . TD1 — DT1 —b D1



»  Distributive Laws (ctd)
Ty (X —> DX) =TX —> TDX — DTX

Ax

h Dh
Dy (TX —>X) =TDX — DTX —>TX
A family of maps Ax : T'DX —> DT X

respecting 1) & ~ Dy (h) is a T-algebra
respecting = & ~ T's(k) is a D-coalgebra
in X ~s Ty & D, are functors

T)\ — <T)\7777:u> Is a |
Dy = (Dy,e,0) isa



Liftings

k Tk A x
Ty(X —> DX)=TX —>TDX —> DTX

A:TD =>DT (distr. law)






Bialgebras

Dy = (Dy,e,6) is a comonad on T’

what are the D )-coalgebras?

Ax

h Dh
Recall: D) (TX — X) =TDX —> DT'X —> DX

h k

TX X X . DX
Tk k h Dh
TDX — DTX — DX TX — TDX — DTX

Ay Dh Tk Ay

AX

k Tk
Ty\(X —> DX)=TX —>TDX —» DTX



def

A-bialgebras = T'y-algebras = Dj-coalgebras

h k

TX — X — DX
Tk | | Dh
TDX » DTX

M-Bialg = Ty-Alg = D,y-Coalg

Ty
D¢ > T X'
o, e
X > X/
‘| K
DX » DX’

Df



Free and Cofree Bialgebras

Forget

A-Bialg =7T'5-Alg —> D-Coalg

Left Adjoint : D-Coalg —> A-Bialg

k Tk
*x X —> DX o T2x 2N 7x 2 DTX

Forget

A-Bialg = Dy-Coalg —> T-Alg
Right Adjoint : T-Alg —> A-Bialg

h Dyh Sy
* TX — X — TDX — DX —p> D?X

Use blackboard



Bialgebraic Semantics

T[-]
T20 > T D1
Mo | = lTxl
T0 > D1
D>0 i l d1
DTO0 » D?1
D[-]

-] :T0—> D1

*~  “superunique™! (initiality and finality)

How do we define \ : T'D =>D'T'?
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http://www.dcs.ed.ac.uk/home/dt/ShortCourse/lecture5cpt.sli.pdf

A respects [

T AT
72D — TDT — DT?
HD l l Dpu
TD » DT
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