SIAM J. COMPUT. © 1987 Society for Industrial and Applied Mathematics
Vol. 16, No. 1, February 1987 015

ON PROVING LIMITING COMPLETENESS*

PETER D. MOSSESt AND GORDON D. PLOTKIN#%

Abstract. We give two proofs of Wadsworth’s classic approximation theorem for the pure A-calculus.
One of these illustrates a new method utilising a certain kind of intermediate semantics for proving
correspondences between denotational and operational semantics. The other illustrates a direct technique
of Milne, employing recursively-specified inclusive relations.
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1. Introduction. Suppose that we have both a (standard) denotational semantics
and an operational semantics for some programming language. (For examples see
[Sto1], [Mil2], [deB].) We would like to prove that they are equivalent, in that the
output given by the operational semantics, for each program and input, corresponds
exactly to the output specified by the denotational semantics. Thus not only is the
former to be consistent with the latter, but also it is to be complete. For diverging
computations, completeness is only required “in the limit”: the (perhaps partial)
outputs given by finite computations of the operational semantics are to converge to
the full output specified by the denotational semantics. Following [Wad], we shall
refer to this property as limiting completeness.

In [Wad], Wadsworth studied the A-calculus, considering arbitrary A-terms as
programs - (including their “input”). The ‘“approximate normal forms” of terms,
obtained by finite sequences of B-reductions (followed by the replacement of remaining
B-redexes by a special constant symbol () that denoted L), were regarded as outputs.
The classic Approximation Theorem [Wad, Thm. 5.2] shows that the denotations of
the approximate normal forms of a term do indeed converge to the denotation of the
term itself. Thus the theory of B-conversion, although too weak for proving all equations
between terms whose denotations are equal, is complete in this limiting sense, and
adequate for the evaluation of A-terms.

In general, it is quite easy to prove consistency, using structural induction. See
[Sto1], [deB] for some examples. We shall not consider consistency proofs any further
in this paper. Sometimes, it is also possible to prove limiting completeness quite directly
using structural induction with subsidiary appeal to fixpoint induction for recursive
constructs such as loops (where structural induction fails). However, when the program-
ming languages concerned allow self-application—either explicitly as with Algol 60
procedures, or implicitly as with dynamic bindings in LISP—then the direct method
seems to be precluded, for structural induction fails but there is no obvious recursive
construct in the language where fixed-point methods could be applied. In such cases,
the domains of denotations are defined reflexively (that is, recursively), and what one
wants is to use induction on the level of the projective approximations of the domains.

Wadsworth solved this problem in his study of the A-calculus [Wad] by labelling
expressions M (and their subexpressions) with integers n, so that M denoted the
nth projection of the denotation of M. Having introduced some extra syntax to make
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the levels visible, he then studied the operational properties of the M‘™ induced by
this semantics and also their relation to the operational properties of the original M.
Thus one parameter—the labelling—was used both for inductions relating to the
denotational semantics (the projection levels) and for inductions relating to the
operational semantics. It seems fair to say that as a result a somewhat heavy apparatus
was obtained.

We present two other approaches to the proof of (the difficult part of) the
Approximation Theorem. In one the two inductions are separated and the M avoided
by means of an intermediate semantics. In the other, using ideas of Milne [Mill],
[Mil2], [Stol], [Sto2], the second induction is avoided entirely. In both approaches
recursively-specified inclusive relations are used [Mill]; these play only a technical
role in the first one but lie at the heart of the second.

Our intermediate semantics is defined just like the standard denotational semantics,
except that intermediate denotations take an argument k in 1° (the chain cpo of the
extended natural numbers 0=1=: - -k - -=00). The operational idea is that at
finite values of k, an intermediate denotation is to correspond to (perhaps partial)
output produced by the operational semantics after at most k steps. In particular, at
k =0 it is the least element L. At k =0 it is by continuity the limit of the intermediate
denotations.

The denotational idea is (roughly) that the intermediate denotation at ©© of any
phrase is just a function of the intermediate denotations at o of its sub-phrases. This
makes it possible to see the relation between the intermediate and standard denotations.
To relate them formally, one defines a recursively-specified inclusive relation between
the standard and the intermediate domains. The existence and properties of this relation
are established by induction on the projective levels, and in fact the techniques are,
for the most part, well known (see [Sto1], [Mul] for example). Then a simple structural
induction establishes the relation between the standard and intermediate semantics.

The idea of the second approach is to strengthen the hypothesis so that structural
induction succeeds. To do this, one defines (for every environment) a relation between
semantic values and terms of the language which holds when the value is less than
the limiting value of the term given via its operational semantics and moreover when
in all suitable contexts the relation still holds. As explained by Stoy [Sto2] one can
think of the relation as being that the value approximates to the term. The suitable
contexts are given by other related pairs of values and terms and are determined by
examining where the original proof by Structural Induction failed. As usual, the
existence of such recursively specified relations is determined by induction on the
projective levels and the desired result is shown by establishing by structural induction
that the denotation of a term is related to the term itself.

Comparing the two approaches, we see that the second is the more direct while
the first provides more information, via the intermediate semantics, on the details of
the operational semantics. In that connection we should also remark that Wadsworth’s
labelled expressions have been very useful in the study of the A-calculus [Bar]. It may
be that the intermediate semantics with its feeling of explaining resource-bounded
denotations will also be of use. Technically, as the reader will see, the proofs are less
straightforward with the second approach, at least in the present case. The references
demonstrate the wide applicability of the second approach; we expect this also for the
intermediate semantics method although we have no precise general recipe available
for defining such semantics.

We assume the general framework of denotational semantics [Ten], [Sto1], [Mil2],
[Gor]. We take domains to be w-complete partial orders (which are just partial orders
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D =(D,=) with a least element L, and lubs LI, x, of increasing sequences). The
important functions between domains are those f: D - E which are continuous, meaning
that if x, is an increasing sequence in D then f(x,) is in E and then, too, f(Ll, x,) =
L, f(x,); we write D~ E for the cpo of all continuous functions from D to E, with
the pointwise ordering f= g iff for all in D, f(x) = g(x). See [SP] for further information
on this topic, especially as regards constructions of domains including the solution of
recursive domain equations. Our notation is essentially that of [Wad], to facilitate
comparison of results, and that of [SP] to handle cpos.

2. The intermediate semantics approach. We shall now prove the completeness of
an operational semantics for the A-calculus relative to its usual denotational semantics,
by introducing an appropriate intermediate semantics.

First let us recall the syntax of the A-calculus. We assume a denumerable set Var
of variables. Basically, the set Exp of A-terms is taken to be the least such that:

e if x is in Var then x is in Exp;

e if x is in Var and M is in Exp then (Ax. M) is in Exp;

e if M and N are in Exp then (MN) is in Exp.

However, for convenience, we extend Exp to include partial terms by means of a clause
for the special symbol ):

e () is in Exp.

We may now regard Exp as a poset, taking the least partial order = on Exp such that:

e O M, for all M in Exp;

e if M= M’ then (Ax. M)=(Ax. M’) for all M and M’ in Exp and x in Var;

e if Mc=M' and N= N’ then (MN)=(M'N’) for all M, M’', N, N' in Exp.
Note that (Exp, =) is not a cpo. However, we shall ensure that all functions that we
define on Exp are monotonic.

The standard denotational semantics of the A-calculus is given by the (monotonic)
function 7": Exp- (Env— D) specified in Table 1. Here D is taken to be the (initial)
solution of D=D- D that includes some arbitrary nontrivial cpo D, ([SP] (see also
our Appendix)). (This is a slight generalisation of Scott’s original D.-model [Sco],
[Wad], where only complete lattices were considered.) We omit the isomorphism
D =D - D from formulae, when there is no danger of confusion.

TABLE 1
Standard semantics.

Domains Denotations

D=D->D (seetext) ¥ :Exp-> Env->D

Env=D"* Yxlp = p(x)

Virx. Mlp=AdeD . V[M](p[d/x])
VIMN]p=(V[Mlp)(V[Nlp)
ViQle=1p

Our operational semantics for the A-calculus is given by the w-indexed family of
(monotonic) functions &" : Exp > Exp defined in Table 2 for any n and any M in Exp;
R"(M) may be regarded as the partial normal form of M determined by n steps of
a (parallel) reduction algorithm. That is, #"(M) can be obtained by making some
B-reductions on M, followed by replacing all remaining B-redexes by (). Thus each
R"(M) is an approximate normal form of M in the terminology of [Wad]. Moreover,
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TABLE 2
Operational semantics.

R": Exp->Exp (each ne w)
RO(M)=Q
%"“(x)=x
R"(Ax. M) = Ax.M' where M'=R"*(M)
QifM'=Q,
R"TYMN)={ R"([N'/x]IM"), ifM'=ix.M",
(M’'N’) otherwise,
where M'= R" (M), N'=R"**(N)
%"+1(Q)=Q
([-/x]-: Expx Exp- Exp is the usual substitution operator)

&"(M) is monotonic in n: R"(M)=R"*'(M), for all n, as can be shown by a simple
induction on (n, M) (lexicographically ordered).

The completeness of this operational semantics (relative to the given denotation
semantics) is just that for any term M, its denotation ¥’ [M] is included in the limit
of the denotations ¥'[R"(M)], as n goes to co—this limit exists since 7" is monotonic
(and Env-> D is a cpo).

THEOREM 1. For M in Exp

VIMlc U VR (M)].

n=0
An immediate corollary of this theorem is that for all M,
Y [M]=U{¥[A]|A is an approximate normal form of M},

which is the hard part of Wadworth’s classic Approximation Theorem for the A-calculus
[12]. (The reverse directions of both these theorems follow easily from the consistency
of B-reduction and the minimality of (), with respect to 7. We shall not consider
consistency any further in this paper.)

To prove our theorem, we introduce an intermediate semantics 7”:Exp->17-
Env'->D’, as given in Table 3 (¥”:Exp- Env'>1°-> D’ might be considered more
natural, but leads to clumsier statements of theorems). Recall that 1° is the chain cpo
of the extended natural numbers. There is an evident embedding of w in 17, such that
the usual operations of successor, predecessor and minimum on » have unique
continuous extensions to 1°—we get 0=00+1=00—1 and k min co= k. The domain

TABLE 3
Intermediate semantics.

Domains Denotations

D'=(1"->D')>D’ (seetext) Y. Exp->1°->Env'> D’
Env = (-uco_) D/)V:r °V’|[x]| ko' = lp if k=0,
p'(x)k otherwise,
lp ifk=0,
ACT®>D'. V' [M]k(p'[c'/x]) otherwise
1y ifk=0,
V' IMN]kp' ={(°V’|[M]|(k -1)p")Y(AK' e T*. V'[N](k' min k)p')
otherwise

V'[Ax. M]ekp' =

V'[Qlkp' = Ly
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D’ is taken to be the (initial) solution of D'=(1°->D’)-> D’ that includes the same
nontrivial domain D, that we included earlier in D. Again we often omit the isomorph-
ism. As it happens, 7" does not respect B-reduction: in general only ¥"[(A*M)N]=
V'[[N/x]M] holds—but that is not important here.

Our first lemma relates 2"(M) to 7" at n.

LemMA 1. For all n <o and M in Exp,

VIMIn= V' IR"(M)]n.

We shall prove this lemma by induction on (n, M), later in this section. By the
continuity of ¥ [M]n in n, we then get
(1) VMoo= U VTR™(M)]co.
n=0
Now putting o for k in Table 3, it seems quite obvious that ¥'[M] is equivalent to
V"[M]oo, and that we should be able to infer the required result, namely,

2) ViM]e I;J0 VIR"(M)].

However, to prove this “obvious” equivalence between ¥’ [M] and V"'[M]co, we
need to relate values of D and D’. As we have already remarked, the techniques for
this are quite standard but they appeal to the construction of solutions to reflexive
domain equations, and we relegate the details to Appendix 1. It would be routine to
relate any reflexively-defined domain to an analogous one involving 17, in essentially
the same way. (Thus the proofs of the remaining lemmas except perhaps that of Lemma
4 should not really be considered when assessing the complexity of our approach.)

LEMMA 2. There exists a relation~ <D xD' such that

(i) for all d in Dy, d ~ d under the inclusion of Dy in D and D’;

(ii) foralldin D andd' in D', d~d' iff forallein D and ¢’ in 1°->D’, e~ ¢'(0)

implies d(e)~d'(c').

The proof of Lemma 2 may be found in the Appendix.

The next lemma states that ¥'[ M] and ¥"[ Mo are related by the relation provided
by Lemma 2.

LEMMA 3. For all M in Exp and p in Env and p' in Env, if for all z in Var,
p(z) ~p'(z)0 then V[M]p~ V' [M]cop'.

We shall prove this lemma by induction on M, later in this section.

According to the next lemma, if d ~d’ then d is (continuously) determined by
d’. This will allow us to infer (2) from (1) above.

LeMMA 4. There exist continuous functions s:D-> D’ and r:D'>D such that

(i) for alld in D, d ~ s(d);

(ii) foralldin D and d' in D', ifd ~d’' then d =r(d’).

The proof of Lemma 4 may be found in the Appendix.

We now show how our theorem follows from Lemmas 1, 3 and 4.

Proof of Theorem 1. Let M in Exp and p in Env be arbitrary. The required result
will follow if we show that

ViMlp= U YIR"(M)]p.

n=0
Define p’ in Env’ by
p'(x)=AkeT1™. s(p(x))
where s:D - D’ is as in Lemma 4(i), so that for all z in Var,

p(z) ~s(p(z))=p'(z)c0.
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Now by Lemma 1, for all n in w(<1*) we have
VIM]np'= V' [R"(M)]np'

which by continuity in n and LIz, n =00 (in 1°) gives

(3) VM]op's U VIR"(M)]op'.
nz=0

Lemma 3 gives

(4) VIMlp ~ V' [M]oop’

and that for all n,

(%) VIR"(M)lp~ VIR"(M)]0p".

Let r:D’'> D be as in Lemma 4(ii). Then we have
VIMlp =r(V'[M]oop’) from (4)

=r( U Y lop) by )

n=0

=1 r(V[R"(M)]op') by continuity

n=0

=] V[R"(M)]p from (5),
n=0
as required.

We now return to our lemmata. The proof of Lemma 1 will make use of the
following standard lemma about substitution, which confirms that the operator [—/x]—
has been defined correctly so as to respect the static determination of bindings.

SussTITUTION LEMMA. For all M and N in Exp and p' in Env' and k in 17,

VIIN/xIM]kp' = V' IMIk(p'T(AK € T°. V'[N]k'p")/x]).

We shall omit the straightforward but tedious proof by induction (on M), which
is entirely analogous to the usual substitution lemma for the standard semantics, V.
Proof of Lemma 1. We are to show that for all n<co and M in Exp,

V' IMIn= VIR"(M)]n.

We use induction on (n, M). For n =0 and any M, we have ¥'[M]0= L= V' [R°(M)]0,
as required.

For n+1 and any M,, let v and w abbreviate ¥'[My](n+1) and V' [R"""(M,)](n+
1), respectively. We shall show that v= w, as required, by cases on M,,.

For ), we have v= L, hence v=w.

For x, we have ®""'(x) = x, giving v = w.

For (Ax. M), we have ®""'(Ax. M)=(Ax. M"), where M'=R""'(M). By the
induction hypothesis for (n+1, M) we have ¥ [M](n+1)c ¥'[M'](n+1), hence v=w
(by monotonicity).

Finally, for (MN), take p’ in Env'. Then

vp'=(V'[M]np")(Ak'e 1. V'[N](K' min n+1)p’).
Let M'=R"" (M) and N'=R""'(N). By the induction hypothesis, we have
V'[MIns V' [R"(M)]n
=¥ [M'In (by monotonicity);
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also for any k'€ 1%, we have k' min n+1=n+1 so that
V' INI(K' min n+1)= V' [R* ™" "*1(N)](k' min n+1)

= V'[N'l(k'min n+1) (by monotonicity).
Putting these calculations together, we get

(6) vp'=(V'IM'Inp Y (Ak' € 1°. V'[N'](K' min n+1)p’).

We shall now consider the cases for M’, but note first that when n =0, we have

V' IM'J0p' = L, so that (6) gives vp'= L=wp’, and hence v=w as required. We may
now suppose n > 0.

For M'=Q, we have ¥"[Q]np’'= L, and then (6) again gives vp'= L and v&w as
required.

For M'=Ax. M", we have
vp'=(V'[M'Inp')(Ak' € 1°. V'[N']k'p’) byk'minn+1c=k’
=V IM"In(p’[(AK'€T*. V'[N']k'p")/x])
=V [[N'/x]M"|np’ by the substitution lemma
SV [R"([N'/x]IM")]np’ by the induction hypothesis
— V’ﬂ%n-ﬂ(MN)Ilnpl
SV IR (MN)](n+1)p' = wp'
giving v = w, as required.
In the remaining cases for M’ (viz. x and (M"N")) we have Z""'(MN)=(M'N’).
Hence
wp'=(V'[MInp")Y(AK' €1* . V'[N'](k' min n+1)p’)
so vp'=wp’ by (6), giving v=w as required.
This exhausts the cases for M’, thus completing the final case (MN) for M,.
Having now completed the induction step to n+1, we may infer the required result. [
We finish this section with a proof of Lemma 3. Its simplicity justifies our earlier

remarks about the obviousness of the equivalence of ¥'[M] and ¥"[M]oo.

Proof of Lemma 3. We use (structural) induction on M. Our induction hypothesis
is that for all components M of M, in Exp,

) for all p in Env and p’ in Env/, if for all z in Var, p(z) ~p'(z)c©
then Y [M]p~ V'[M]op'.
We shall show that (7) then holds also for M,, by cases on M,.
For Q, we have ¥ [Q]p = Lp=Lp, = Lp = V' [Q]0p’, forany p and p’ (considering
the inclusion of D, in D and D’). But by Lemma 2(i), Lp~ L. Hence (7) holds for ().

For x, we have ¥[x]p = p(x) and ¥[x]cop’=p’(x)c0, for any p and p'. So (7)
holds for x.

For (Ax. M), take p and p’ such that for all z in Var, p(z) ~ p'(z)c0. Also take e
in D and ¢’ in 1°~ D’ such that e ~ ¢’(c0). We have

(V[rx. M]p)(e) = V[Ml(ple/x])
~ Y [M]oo(p'[c'/x]) by the induction hypothesis
=(Y"Ax. M]oop')(c")

so by Lemma 2(ii) we get ¥'[Ax. M]p~ ¥"[Ax. M]oop’, showing that (7) holds for
(Ax. M).
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Finally, for (MN), take p and p’ such that for all z, p(z)~ p'(z)o0. Now by the
induction hypothesis,
VIM]p~ V' [M]op’ and
V[Nlp~ V' [N]eop’
=(Ak'eT*. V[ N](k' min c0)p')(c0)
so that
VIMN]p = (V[Mlp)V[NIlp)
~(V'[M]op’)(Ak'e T”. V[ N](k' min c0)p’)
=YV [MN]oop’
so (7) holds in this case also.
There are no more cases, so we may infer the required result. [

3. The relational approach. Here we use a different operational semantics
&" :Exp- Exp, (given in Table 4) which is “outside-in” whereas the previous one was
“inside-out” (and this seems to be needed to make the relational approach work).
Again each ¥"(M) is an approximate form of M, monotonic in n. And we will show:

THEOREM 2. For all M in Exp

ViMle U Y[ (M)]
n=0

thereby providing our second proof of Wadsworth’s theorem.

If one tries to prove this directly by structural induction on M, the proof breaks
down in the case where M is an application. Consequently, following the idea explained
above for every p in Env we wish to define a relation ~, between D and Exp so that:

d~,M iff dc U V[$"(M)]p and
n=0

VeeD, NeExp.e~,N>d(e)~,(MN).
These relations are constructed in Appendix II where we also demonstrate the very
useful:

LEMMA 5. Suppose d in D and M in Exp are such that whenever e, ~ oNifori=1,
n' it is the case that

d(e) - (e,)=U V[S"(MN; - - - N,)lp.

Then it follows that d ~, M.
Note that it follows that L ~, M always holds.
Now to demonstrate Theorem 2, it is clearly enough to show that ¥ [M](p)~,

always holds. This is now done by proving a stronger statement (to handle free varlables)
by structural induction on M.

TABLE 4
Another operational semantics.

" Exp->Exp (eachnew)

F(M)=Q

?"“(QN, *N,)=Q

S XNy - -+ Np)=xF"(N,) - - - S"(N,)
AxF"(m) ifn'=0,

" ((Ax.M)N, -+ N,)=
F"(([N}/xIM)N, -+ N,) ifn'#0




PROVING LIMITING COMPLETENESS 187

LEMMA 6. Let M be an expression and p be an environment. Suppose that a; ~
Jor j=1, m. Then

P Aj

oV'[MI'p[al/xl’ Y am/xm]~p[Al/x1’ T, Am/xm]M

holds, where the x; are distinct variables.
Proof By structural induction on M. We will write 5 for p[a,/x,, "+, @/ Xm]

and K for [A)/x1,- -+, An/%xn]K (for any term K), where the a, A, x; will be
understood from the context.

Case 1. M is an application, (M, M,).
By induction hypothesis we have °V|[M 1(p)~ M (i=1,2).

So VM (o) VIML(p))~, (M, M,). But as the left-hand side is V' [M,;M,](p)
and the right-hand side (M, M,) so we are finished.

Case 11. M is Q. This is by the remark after Lemma 5.
Case II1. M is a variable, x:

Subcase 1. x is some x;.

Then V' [x]p=a;~,A;=%.

Subcase 2. x is no x;. Then we must show that ¥'[x]p ~,x and we employ

Lemma 5, taking e¢;~,N; (i=1, n’) and calculating:

VIxl(p)(er) - - - (en)
VL) (U VINIR)) - (U VI NP Gsince e~ N)
=U VIxl(p)(VIL"N:I(p)) - - - (VIF"Nul(p))
=U V[x($"N,) - - - (L"Na)l(p)
=L VL (xN; + - - Ny)l(p)

as required.

Case 1IV. M is an abstraction, Ax. M'. We may assume without loss of generality
that x is no x; and x does not occur free in any of the A,

We apply Lemma 5 and take ¢;,~,N; (i=1, n’).
Subcase 1. n'=0. We calculate

ViAx.M']p=AdeD. 7/[[M’]]ZT¢T/_;] (as x is no x;)
cAdeD .U V[ M']pld/x]
’ (by the induction hypothesis applied to M’)
=IAdeD. V[ M'|(p[d/x])

= ¥ Ax. $"M'](p)
=U YIS (Ax. M)](p)
=4 V[ (Ax. M")](p)

as required.
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Subcase 2. n'> 0. First calculate that:
Vlrx. M'1(p)(er)
=V [M'ple/x, ar/%, "+ *, am/%m] (as xisno x;)
~o [N/ X, A1/ %1, * s A/ X IM'
(as e, ~, N, and by induction hypothesis applied to M)
= [N,/x]M’ (since x is no x; and does not occur free in any A;).
So as e;~,N,, -, e, ~ ,N, we have that
V[Ax. M'I(5)es - - - ey~, ([Ni/xIM')N, - - - N,y
and so we see that
VIAx. MI(G)er - - eye VIS (INY/XIMON; - - - No)l(p)

=U YIS ((Ax. M')N,N, - - - N,)l(p)
=U VIS (A% M)N, - - - No)l(p)

as required, concluding the proof. 0O

Appendix I.
Construction of D and D'. This proceeds as described in [SP]. Let D, be a fixed
(nontrivial) cpo. For the construction of D satisfying

D=(D->D)
first define an w-chain A=(D,, f,) of cpos D, and embeddings f,:D,~> D, by
D,.;=(D,>D,)
and
fo(d)=2reeDy.d,  f5(g)=g(Lp,),
Jorr(8)=Frogofx, n+i(h)=frohef,

Next D is the colimit of A, being the sub-cpo of [], D, of all sequences d with, for
every n, d, = fR(d,.,). We have a cone @ :A-> D of embeddings where

fomldy)  (mzm),
() = {/,..,,wn) (m<n),

and u,(d)=d,, for all n (and where f,, =fo,_ o -of,, fR.=fRo---ofR ) Note
that Mo is the inclusion of D, in D. Now we have a cone v:A~ ->(D—>D) where
—(D,,H,f,,H) is A less its first element and v,(g)=pm,cgoul (and »R(h)=
pnohou,).
Then the isomorphism pair

@
D?(D—)D)

is given by the formulae:
b= || Vn°,U'f+1, V=1 mpsrov

n=0 n=0

We need to examine the first formula in more detail.
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For @ we calculate that for any d, e in D

(@(@)(ED) = (L o (0 D)) =L ()
and then note that for any n, m

(@(d)(e)), = U 1o (om (A1 (€m)))

= L—' fr‘tzm(dm+l(em))

mzn

(making use of the calculation, wrom = (tm®frm) X ® tam = Fron® b © i = f o). In the
case where e = pu,(e,) with e, in D, we have

((D(d)(l-"nen))n = l;l ffm(dm+l((#‘nen)m))

I—l frlsm(dm+l(ﬂlm(en)))

m=n

L f51+1)(m+1)(dm+1)(en)

m=n

= dn+1(en)'

Turning to D', which is to satisfy the isomorphism

Dl = (-“00_) DI) -> D,,
we take the w-chain A'=(D}, f) of cpos and embeddings where
Do=D,, D,.,=(1"->D},)>D,
and
fid)=rce(®->Dg).d',  f5(g)=g'(Lrap),

ne1(8) =fnog'o(Ac' €1 > D}y . f100),

(B =fifehe(Ac'€1°> D}, . froc).
Now D’ is the colimit of A’ being the sub-cpo of [, D, of all sequences d’ with, for
every n, d,,=f%(d’,,,). We have a cone u’':A’>D’ of embeddings defined as before
(and with u/R(d") = d',, as before). Now we have a cone »' from A'~ (defined as before)
to (1°>D')>D’, where v,(g)=phogo(Acel®>D".u'Roc) (and v} (h)=

w'Roh'o(AceT1®> D). u,oc)).
Then the isomorphism pair

@
D= (1"->D")->D’
o
is given by the analogous formulae to those for ® and ¥. Upon detailed examination
these yield for any d’ in D’ and ¢'e (1> D’) that
(@(d)Nn= U frm(dma(pimoc)).

mzn

Also for any d’'e D’ and ¢}, € (1°> D) we have that
(D'(d")(nocn))n=dni(cn)



190 PETER D. MOSSES AND GORDON D. PLOTKIN

The relation between D and D'. First we inductively construct relations ~, between
D, and D}, by

d~od' ifftd=d’
d~,.,d iffiVeeD,, c'e(1*>D}).e~,c'(0)>d(e)~,d'(c).

We recall that for cpos D and E a relation R < D x E is inclusive (termed w-complete
in [SP]) iff it is closed under lubs of increasing sequences, which is to say that if d,,
e, are increasing sequences in D and E respectively, then if R(d,, e,) holds for every
n so does R(LId,, Lle,).

LEMMA 7. Each ~, is inclusive.

Proof. By induction on n. For n =0 this is obvious. For n+1 assume for all m=0
that d,, ~,.,d,, where d, d’ are increasing sequences. Take e in D,, ¢’ in 1°-> D/, with
e~c'(c0). Then d,(e)~,d,(c') and so L, (dn.(e))~,Ln (d(c"), by induction
hypothesis and so we have (L,, d)(e) =Ul,, (d,.(e)) ~,U,. (d,(c))=U,.d")(c), con-
cluding the proof.

LEMMA 8. (i) Foralldin D, and d' in D), d ~,d' > f,(d)~,...f.(d).

(ii) Foralldin D,y andd' in D', d~,.,d' >fX(d)~.f k().

Proof. By simultaneous induction on n. For n =0 suppose first that d ~,d’. To
show fo(d)~,f(d’) take e in Dy and ¢’ in 1°-> D} with e ~,¢’(c0). Then fo(d)(e) =d
and fy(d')(c")=4d’', so fo(d)(e)~ofo(d')(c') as required. Next suppose d ~,d’. As
L~o(Ake1™. 1)() we have f5(d)=d(L)~od'(Ake1”. 1) =f1%(d") as required.

For n+1, suppose first that d ~,,,;d’ and take e in D,,., and ¢'e (1> D/,,,) such
that e~,;;c'(©). Then fR(e)~,fX(c'(c0)) (by induction hypothesis); so
d(fu(e))~nd'(fi7c") (by assumption); 5o £,(d (fr(€))) ~nerfn(d(fi7 ")) (by induc-
tion hypothesis). But this is just f,.,(d)(e) ~,+1fn+1(d")(c’) as required.

Suppose nextthatd ~, . ,d’ and take e in D,, and ¢’ € (1°~> D/,) such that e ~,,¢'(©).
Then f,(e) ~,+1fn(c'(®0)) (by induction hypothesis); so d(f,(e))~n+1d'(froc’) (by
assumption); so fr(d(f.(e)))~.fX(d'(fioc’)) (by induction hypothesis). But this is
just fri(d)(e)~fiR(d")(c") as required, concluding the proof. O

Now we can define our relation between D and D' by

d~d' ifv¥n.d,~,d,.

By Lemma 7 and the componentwise calculation of lubs of w-sequences in D and D’
we get that ~ is inclusive. By Lemma 8 we get that for any d in D, and d' in D/, if
d~,d’ then p,(d)~ p,(d’).

We are now in a position to supply the proof of Lemma 2.

Proof of Lemma 2. (i) What this claims is that for any d, in D, it holds that
woldy) ~ mo(dy), which follows at once by the above remark and the fact that dy~,d,.

(ii) =: First suppose d ~d’ (so that d, ., ~d,, for any n). Take e in D and ¢’
in 1°-> D’ such that e~ c'(©) (to show that d(e)~ d’(c’'), meaning that ®(d)(e)~
®'(d")(c’)). Now since e ~ ¢'(c0) we have for any m that e, ~,, (u'n°c’)(c) and so by
assumption, we have d,,;,(€,) ~mdmi1(uioc’). Therefore by Lemmas 7 and 8(ii) we
have for any n that

U frm(@mir(em))~n U frm(dimsr(pim oc’))

and by the above remarks on ® and @' this is just
(®(d)(€))n~n (P'(d")(c))n
showing ®(d)(e) ~®'(d")(c’) as required.
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(iii) <: Suppose that whenever e in D and ¢’ in 1°-> D’ satisfy e~ ¢'(0) then
®(d)(e)~d'(d')(c’"). We wish to show that d ~ d' and by Lemma 8(ii) it is enough to
show d,., ~,+1dhs; for all n. So take e in D, and ¢’ in 1°-> D/, such that e ~,c'(c0).
Then by a previous remark we have u,(e) ~ (u,°c')o and so, by our supposition, that
@(d)(un(e)) ~P'(d")(pyoc).

So we have

d, . (e)=(®(d)(un.(e))), (bya calculation given above)
~,(®'(d")(mnec’))n (as just shown)
=d!(c') (byacalculation given above)

showing that d,., ~,+; d,+, and thereby concluding the proof. 0O
The functions s and r. First we inductively define continuous s,:D,->D; and
r,:D;,->D, by
So=ry= idDo’
Spe1(d)=Ac'€T°> Dy, . 5,(d(r,(c'(0)))),
Fpai(d)=XreeD,.r,(d'(AkeT”. 5s,(e))).

LeMMA 9. (i) For all n, fiRos,.13s,°fX.

(ii) For all n, fRor, ,2r,of'k.

Proof. By simultaneous induction on n. For n=0, first we have f;%(s,(d))=
s1(d)(L) = so(d (ro(L(00)))) = d (L) = 50(f5(d)); and second f5(ri(d"))=r(d’)(L)=
ro(d’'(Ak €17 . 50(1))) = d'(L) = ro(f67(d")).

For n+1 and part (i) we first calculate that for any d in D,,,, and ¢’ in 1> D/,

r1(Sn2(d))(€) = £15 (spra(d) (fro€))
= (sn41(d (Psa (f1(c'(00))))))

and then calculate that

Snr1(far1(@))(€) = s, (f(d (£ (ru('(0))))).

But (f3%es,.1)2(s,ofF) (by induction hypothesis, part (i)) and also (r,.,of%)=
frofRory o faafuor,ofikof (by induction hypothesis, part (ii)) = (f,°r,) and apply-
ing these two facts enables us to complete the above calculation, showing that

nr1(Sna2(d))(€) 2 sy (frsa(d))(€)

as required. For part (ii) the proof is similar. 0O
Because of part (i) of this lemma, for any d in D and any n, the sequence
(R (Sm(dm)))mzn 18 increasing and so we can define s:D->D’ by:
(s(d))n= U frm(sm(dn))
it being simple to verify that s(d) is in D’. Similarly using part (i), we can define
r:D'->D by
(r(@))n= L frn(tm(d)).

m=n

LemMma 10. (i) For alld in D,, d ~,s,(d).
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(ii) Foralldin D,andd’' in D, ifd ~,d) thend =r,(d’).

Proof. Simultaneous induction on n, the case n =0 being evident. For n+1 and
part (i) suppose d is in D,.,. Take e in D,, and ¢’ in 1°- D/, such that e ~,c'(®) (so
that e = r,(c'(0)), by induction hypothesis part (ii)). Now we just calculate that

d(e)~,s,(d(e)) (byinduction hypothesis part (i))
= 5,(d(ra(c'(0))))
= Spa(d)(¢)

as required.

For part (ii) suppose d is in D,,, and d' is in D}, and d ~,.,d’. For any e in
D, we have

e ~,s,(e) (by induction hypothesis part (i))
=(AkeT1®. s,(e))(0)

and so d(e)~,d'(Ake1”. s,(e)), by assumption and so d(e) =r,(d'(AkeT1”. s,(e))),
by induction hypothesis, part (ii). But this just says, since e was chosen arbitrarily,
that d =r,,,(d’).

We can now prove Lemma 4.

Proof of Lemma 4. (i) Take d in D. Then for any m we have d,, ~5n(d,), by
Lemma 10(i), and so for any n and any m=n we have by Lemma 8(ii),
d, ~.f'R(sn(dy,)) and so, by Lemma 7, d, ~, (s(d)),, showing d ~ s(d) as required.

(ii) Suppose d ~d'. Then for any m we have d,,~d}, and so d,, =r,(d;,) by
Lemma 10(ii). So for any n and m=n, by Lemma 8(ii) we have d,= fR(d,)=
fR(rm(d})) and so d,=(r(d’)), by the definition of r(d’) showing d =r(d’), as
required. 0O

Appendix II. We show that a relation, ~,, with the required properties exists. First
define relations ~, between D, and Exp for every n=0 by:

d~,M ifiVn'ZOVN,, -+, Ny, Mo(d)’;lﬁ VIS“(MN, - - - N)l(p);

d~"""M iff uea(d)sU VIF*M](p) and
k
(VeeD,, NeExp.e~) N>d(e)~,(MN)).

Lemma 11. (i) d ~SM iff uo(d)SLl VIFS*M(p) and for all N, d ~3(MN).

(i) L~ M always holds.

Proof. Obvious.

LEMMA 12. Each ~7, is inclusive (in its first argument).

Proof. Easy induction on n.

LemMma 13. (i) If d ~2 M then f,(d)~,"' M.

(ii) Ifd~2""M then f(d)~; M.

Proof. By simultaneous induction on n. For n =0, assume for i that d ~‘,; M. Then
first we calculate that:

mi(fo(d)) =“°(d)":"\7cj Y1S*MI(p)

and second, supposing that e ~9 N we see that fy(d)(e) =d ~9%(MN), by Lemma 11(i).
So fo(d)~4 M as required.
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Next, for (ii) suppose that d ~, M. We show, using Lemma 11 that f&d )~o M.
First,

po(f5(d)) = pi(foo £5(d)) E,ul(d)EIIl VIS*MI(p),

since d ~L M. Next for any N, since L~ N, by Lemma 11(ii) we have f5(d)=
d(L)~%(MN), as required.
For n+1, part (i) suppose d ~5*' M. Then first we have

Mni2(foir(d)) = Mns1(d)
cU YIS*MI(p) (asd~2*"'M)
k

and second, taking e in D,.,, and N in Exp with e ~}"" N, we see that f(e)~7 N (by
the induction hypothesis, part (i)) and so that d(f5(e))~5(MN) (as d ~;"' M) and
so that f,(d(fX(e)))~2""(MN) (by induction hypothesis, part (ii)). But this last is
just f,+1(d)(e) ~5"' (MN) and so we have f,,,(d) ~"> M as required. The verification
of part (ii) is very similar and we omit it. 0O

Note that L ~; M always holds and that if d'=d ~, M then d'~} M, that is ~
is downwards closed in its left argument. All in all, {d |d ~,> M} is always a nonempty
Scott closed set.

Now we can define the relation ~, by:

d~,M iftVn.d,~, M.
This is clearly inclusive using Lemma 12, and indeed L ~, M always holds (and actually
{d|d ~,M} is always nonempty Scott closed). Note that, by Lemma 13, if d ~ M
then u,(d)~,M.
Now we show that the recursive specification for ~, is satisfied.
LEMMA 14. d~,M iff d=Li, V[S*M]p and

(Ve~,N.d(e)~,(MN)).

Proof. This is routine, but perhaps worth writing down.

= Suppose d ~, M. Then d, ~, M, so u,(d,) =L, V[F*M](p) holds for every n
and so holds for d =L, u,(d,) too. Next, suppose e~,N. Then e, ~, N and so, as
dui1~;"' M, we have d,. (e,)~"(MN) and so u,(d,.(e,)) ~,(MN) and so, as
d(e) =01 un(d,.,(e,)), d(e)~,(MN), as required.

< Suppose d=lLl, V[¥*M](p) and whenever e~,N then d(e)~,(MN). We
will show that d,.,~, "' M, for every n. Clearly p,1(dnsi) =L V1F*M](p), from the
supposition. Suppose that e~; N. Then u,(e)~,N and so d(u,e)~,N and so
d,.1(e)=d(pmne), ~, N, as required. 0O

Proof of Lemma 5. We show by induction on n that for any d, M if for any n'= 0
whenever e;~,N; (for i=1, n’) then

de, - - e, =Ll V[¥*MN; - - - N, ](p)
k

then it follows that d, ~) M.

First suppose n=0. Take N, - - -, N,.. Then 1L~,N; and so

poldo) = po(do) L - -+ LEAL -+ LELI V[F*MN, - - - N,](p)
k

as required.

For n+1, first

Mn+i(dpi)Ed =L ‘VﬂykM]](P)
k
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and second, suppose that e~; N. Then u,(e)~,N. Now suppose that, in order to
apply the induction hypothesis to d(u.e), (MN), that e,~,N; for i =1, n’. Then

d(”‘ne)el e,y U OVIka(MN)Nl e Nn’]](p)
k

by assumption on d, M and so (d(u.e)), ~, (MN). But as d(u,e), = d,.,(e), it follows
that d,..,(e) ~, (MN) and so, finally, that d,., ~;‘,+‘ M, as required. 0
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