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THE A-CALCULUS IS «-INCOMPLETE

G. D. PLOTKIN

§1. Introduction. The w-rule in the A-calculus (or, more exactly, the AK-B, ¢
calculus) is
MZ = NZ (all closed terms Z)
M=N ’

In [1] it was shown that this rule is consistent with the other rules of the A-
calculus. We will show the rule cannot be derived from the other rules; that is, we
will give closed terms M and N such that MZ = NZ can be proved without using
the w-rule, for each closed term Z, but M = N cannot be so proved. This strengthens
a result in [4] and answers a question of Barendregt.

§2. Definitions. The language of the A-calculus has an alphabet containing
denumerably many variables a, b, c, . .. (which have a standard listing e;, e,, . . .),
improper symbols A, ( , ) and a single predicate symbol = for equality.

Terms are defined inductively by the following:

(1) A variable is a term.

(2) If M and N are terms, so is (MN); it is called a combination.

(3) If Misatermand x is a variable, (A x M) is a term; it is called an abstraction.

We use = for syntactic identity of terms.

If M and N are terms, M = N is a _formula.

BV (M), the set of bound variables in M, and FV(M), its free variables, are
defined inductively by

BV(x) = @; BV((MN)) =BV(M)v BV(N);
BV((AxM)) = BV(M) U {x};
FV(x) = {x}; FV((MN)) = FVY(M)VU FV(N);
FV((A&xM)) = FV(M)\{x}.
A term M is closed iff FV(M) = &.
[M [x]N, the result of substituting M for x throughout N, is defined inductively by
Mxlx=M, [M/xly=sy (x#y),
[M/xYNN")= ([M/xIN[MxIN"),  [M/x](&xN) = (AxN),
[M/x)(AyN) = (Rz[M/x][z/yIN) (x £ y)

where z is the variable defined by
(1) ifx¢ FV(N)ory¢ FV(M),z =y,
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(2) otherwise z is the first variable in the list e;, e,, ... such that z ¢ FV(N) U
FV(M).

That this is a good definition is shown in [2] where other properties of the sub-
stitution prefix can be found.

Rules.
0y
L (M) = W[y/xIM) (v ¢ FV(M));
2. (xM)N) = [N/xIM;
3. (A xMx)=M (x ¢ FV(M)).
449
1. M= M.
M=N
2. N=M
3 M=NN=L
’ =L
I
M=M M=M M=M

(NM) = (NM') (MN) = M'N) (&xM) = (M)

We will use M = N to mean that M = N can be proved by the above rules. In
addition, M =, N (e-equivalence) is to mean that M = N can be proved using
(D1, (I1) and (III); M >, N (B-reduction) is to mean that M = N can be proved
using (I)1,2, (IN)1,3 and (III); M >,, N (By-reduction) is to mean that M = N can
be proved using (I), (I)1,3 and (IIT); M >, N (y-reduction) is to mean that M = N
can be proved using (I)3, (II)1,3 and (III).

Clearly, if M >, N or M =, N then FV(M) = FV(N).

It is shown in [2] thatif M = N then thereisa Z, such that M >;,Zand N >,,Z
(Church-Rosser theorem). Further if M >4, N then, for some Z, M >,Z >, N.

By M — N we mean that there are terms M, ..., M,, and a variable x (m > 2)
such that M = (AxM,)M,---M,, and N = ([M,/xIM,)M;---M,,.

The transitive closure, —*, of — is called head reduction.

Standard reduction sequences (s.r. sequences) are defined inductively by the
following:

(1) x is a s.r. sequence for any variable x.

2 IfM,,...,M,and N,, ..., N, are s.r. sequences, SO is (MlNl) .oy (M,N,),

.» (M,N,).

() If My, ..., M, is a s.r. sequence, so is AxM,, . .., AxM,, for any variable x.

@) IfM,,..., M, and N,, ..., N, are s.r. sequences, M,, is the first abstraction
in M,..., M, and (M,N)— N, then (M,N),...,(MyN), N,,..., N, is a s.r.
sequence.

This is a reformulation of the definition given in [2] where it is shown that if
M >4 N then for some N’ =, N there is a s.r. sequence from M to N’ (standardisa-
tion theorem). If M,, is the first abstraction in a s.r. sequence My, ..., M, then
M, —-> My, —---— M, and M, is uniquely determined by M,. A term. M is of
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order 0 iff there is no abstraction N such that M >, N or, equivalently, if there is no
abstraction N such that M —* N, or M = N.
If n is an integer, by n is meant the term

MXf(---f(x)---) (where n, f are distinct variables).
——

n times

For any term M let Y, be (AxM(xx))(AxM (xx)) where x ¢ FV(M); then
Yy = M(Yy) and, indeed, Yy — M (Yy).

Let Succ = AnMAx(nf(fx)) (with n, f and x distinct). Then Succn =n + 1.
From [3] we see that there is a closed term Gd ~* such that, for any closed term Z,
Gd~n = Z for some n.

Finally, we define the terms M and N which provide a counterexample to w-
completeness via intermediate definitions of terms H,, H, G,, G and F:

H, = MAgAnAxy((hg)n((hg)(Succ n)(g(Succ n))yx)(Gd ~'n)),

H = (Yg,),

G, = MgAn((Hg)(Succ n)(g(Succ n))(Gd ~*(Succ n))(gn)),
G = (YGI),

F = (HG),

M = (FKGO)),

N = (M (Xxx)) (with A, g, n, x, y distinct variables).
§3. LeMMA 1. Forall terms U, V, W,
(1) FUVW —* FU(F(Succ U)(G(Succ U))WV)(Gd~*U),
(2) GU = F(Succ U)(G(Succ U))(Gd ~*(Succ U))(GU).

PROOF.
FUVW = Yy, GUVW —* H L HGUVW
1) —>* (HG)U((HG)(Succ U)(G(Succ U))WV)(Gd~*U)
= FU(F(Succ U)(G(Succ U))WV)(Gd~*U).
GU = Y, U = G,GU
(@) = (HG)(Succ U)(G(Succ U))(Gd ~*(Succ U))(GU)

= F(Succ U)(G(Succ U))(Gd ~*(Succ U))(GU).

It follows immediately that FUVW has order O for all terms U, ¥ and W.
The terms F and G were actually found as solutions to the double recursion
equations given in Lemma 1. We could not simplify this to two single recursions.
LEMMA 2. For all m,n > 0, Fn(Gn)(Gd ~*n) = Fn(Gn)(Gd ~*(m + n)).
ProoF. By induction on m. For m = 0, the result is obvious. Otherwise,
Fn(Gn)(Gd ~*n)
= Fn(F(Succ n)(G(Succ n))(Gd ~*(Succ n))(Gn))(Gd~*n) (by Lemma 1.2)
= Fn(Fn + 1(Gn + 1)(Gd~*n + 1)(Gn))(Gd ~n)
= Fn(Fn + 1(Gn + 1)(Gd ~*m + n)(Gn))(Gd ~'n)
(by the induction hypothesis’
= Fn(Gn)(Gd~'m + n) (by Lemma 1.1).

LemMmA 3. For all closed terms Z,Z', MZ = MZ'.
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Proor. Choose n, n’ such that Z = Gd~*nand Z’' = Gd~'n’. Then

MZ = FO(G0)(Gd ~n)
= FO(G0)(Gd~'0) (by Lemma 2)
= FO(G0)(Gd ~*n’) (by Lemma 2)
= MZ'.

Lemma 4. If FUVW,...,Z is a s.r. sequence of length | where y € FV(V) but
y ¢ FV(Z) then there is a s.r. sequence of length <l from V to a term V' such that
y & FV (V).

PROOF. Suppose otherwise. Let FUVW,...,Z be a s.r. sequence of minimal
length / among those s.r. sequences from a term of the form FUVW, where
ye FV(V), to a term Z, where y ¢ FV(Z); and, for all V', if V,..., V' is a s.T.
sequence of length < /then y € FV(V").

Case (a). The s.r. sequence is of the type given in clause 4 of the definition of a
s.r. sequence. In this case it must have the form FUVW, ..., AwN)W, N,,...,Z
where FUVW —* N, and N,,...,Z is a s.r. sequence of length /' < /. This
determines N, and we find that N, = FU(F(Succ U)(G(Succ U))WV)(Gd~U)
from the proof of Lemma 1. By the minimality of /, there is a s.r. sequence of
length < I’ from F(Succ U)(G(Succ U))WV to a term Z' where y ¢ FV(Z'). But
F(Succ U)(G(Succ U))W is of order 0. Therefore this s.r. sequence must be of the
type given in clause 2 of the definition of a s.r. sequence. So there is a s.r. sequence
of length < /' from V' to a term V'’ such that y ¢ FV(V"), a contradiction.

Case (b). The s.1. sequence is of the type given in clause 2 of the definition of a
s.r. sequence. Then there is a s.r. sequence of length I’ < / from FUV to a term Z'
such that y ¢ FV(Z’), which must have the form (as ye FV(V)) FUYV,...,
(AN,)V, N,, ..., Z' where FUV —* Nyand N,,...,Z' is a s.I. sequence of length
I” < I'. This determines N, and N, = AFU(F(Succ U)G(Succ U)wV)(Gd ~U)
for some w¢ FV(U) U FV(V). This must be of the type given in clause 3 of the
definition of a s.r. sequence and there is a s.r. sequence of length /” from
FU(F(Succ U)(G(Succ U)wV)(Gd~1U) to a term Z" such that y ¢ FV(Z"). This
leads to a contradiction as in Case (a).

Lemma 5. IfFUVW,...,Zisas.r. sequence such thaty € FV(W)buty ¢ FV(Z)
then, for some W', W >, W’ and y ¢ FV(W").

PrROOF. Suppose otherwise and let FUVW,...,Z be a s.r. sequence having
minimal length / among those s.r. sequences from a term of the form FUVW to a
term Z where y e FV(W), y ¢ FV(Z) and, forall W', if W >, W’ then y e FV (W").

This s.r. sequence must have the form FUVW,..., (\AWN,)W, N,, ..., Z where
FUVW —* N, and N,,...,Z is a s.r. sequence of length /' < /. We find that
N, = FU(F(Succ U)(G(Succ U))WV)(Gd~1U). By Lemma 4 thereis a s.r. sequence
of length < I’ from F(Succ U)(G(Succ U))WV to a term Z' such that y ¢ FV(Z').
Now F(Succ U)(G(Succ U))W is of order 0. Therefore this last s.r. sequence must
be of the type described in clause 2 of the definition of a s.r. sequence and so there
is a s.r. sequence of length < /" from F(Succ U)(G(Succ U))W to a term Z” such
that y ¢ FV(Z"). Hence, by the minimality of /, W >, W’ for some term W’ such
that y ¢ FV(W’), a contradiction.

LemMA 6. If x # y then Mx # My.
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Suppose that x # y and Mx = My. Then, by the Church-Rosser theorem there
isa Z"” suchthat Mx >,,Z" and My >;,,Z". Next,forsomeZ', My >,Z' >,Z"
and finally, for some Z =, Z’, there is a s.r. sequence from My to Z. But
Y¢FV(Mx) 2 FV(Z") = FV(Z') = FV(Z). As My = F0(G0)y, it follows from
Lemma 5 that, for some term W', y >,W’ and y ¢ FV(W"), which contradicts the
hypothesis.

THEOREM. The w-rule is not derivable.

Proor. If Z is any closed term,

MZ = M(A&xx) (Lemma 2)
= NZ.

However, if M = N then Mx = Nx = M(Axx) = Ny = My, for any variables
x and y, contradicting Lemma 6.

This result is not peculiar to the AK-8y calculus. It can be obtained for any
AK-B76 calculus if there is a term Con~* such that for every constant a there isan n
such that Con~*! n = a; the result can also be obtained for the Al-85 calculus in an
analogous way.

A term M is a universal generator iff every closed term is a subterm of some term
to which M Bn-reduces. It is shown in [1] that if MZ = NZ for all closed Z and
neither M nor N are universal generators then M = N. Is it the case thatif M = N
can be proved using the w-rule and M is not a universal generator then M = N
can be proved without the w-rule? Notice that in the counterexample given above
both M and N are universal generators.

Acknowledgements. This research was supported by an S.R.C. grant to Dr.
R. M. Burstall. Thanks are due to H. Barendregt and L. Stephenson for their
useful criticism.

REFERENCES

[11 H. P. BARENDREGT, Combinatory logic and w-rule, Fundamenta Mathematicae (to appear).

[2] H. B. Curry and R. Feys, Combinatory logic. Vol. 1, North-Holland, Amsterdam, 1958.

[3] H. B. Curry, J. R. HINDLEY and J. P. SELDIN, Combinatory logic. Vol. 2, North-Holland,
Amsterdam, 1972.

[4] G. Jacoriny, I/ principio di estensionalita nell’assiomatica del A-caicolo (unpublished).

UNIVERSITY OF EDINBURGH
EDINBURGH EH8 9NN, GREAT BRITAIN



	Article Contents
	p. 313
	p. 314
	p. 315
	p. 316
	p. 317

	Issue Table of Contents
	The Journal of Symbolic Logic, Vol. 39, No. 2 (Jun., 1974), pp. 209-432
	A Noninitial Segment of Index Sets [pp.  209 - 224]
	Correction to `A Model Theoretic Characterisation of Effective Operations' [p.  225]
	Combinator Realizability of a Constructive Morse Set Theory [pp.  226 - 234]
	Sets of Theorems with Short Proofs [pp.  235 - 242]
	Systems of Notations and the Ramified Analytical Hierarchy [pp.  243 - 253]
	Boolean Extensions which Efface the Mahlo Property [pp.  254 - 268]
	On Projective Ordinals [pp.  269 - 282]
	Nonrecursive Tilings of the Plane. I [pp.  283 - 285]
	Nonrecursive Tilings of the Plane. II [pp.  286 - 294]
	Σ<sub>n</sub> Sets which are Δ<sub>n</sub>-Incomparable (Uniformly) [pp.  295 - 304]
	Recursively Presentable Prime Models [pp.  305 - 309]
	Analytic Inductive Definitions [pp.  310 - 312]
	The λ-Calculus is ω-Incomplete [pp.  313 - 317]
	On Existence Proofs of Hanf Numbers [pp.  318 - 324]
	Reviews
	untitled [pp.  325 - 327]
	untitled [pp.  327 - 328]
	untitled [pp.  328 - 329]
	untitled [pp.  329 - 330]
	untitled [p.  330]
	untitled [p.  330]
	untitled [pp.  330 - 331]
	untitled [p.  331]
	untitled [pp.  331 - 332]
	untitled [p.  332]
	untitled [pp.  332 - 333]
	untitled [p.  333]
	untitled [pp.  333 - 334]
	untitled [p.  334]
	untitled [pp.  334 - 335]
	untitled [p.  335]
	untitled [pp.  335 - 336]
	untitled [p.  336]
	untitled [p.  337]
	untitled [p.  337]
	untitled [pp.  337 - 338]
	untitled [p.  338]
	untitled [pp.  338 - 339]
	untitled [p.  339]
	untitled [pp.  339 - 340]
	untitled [p.  340]
	untitled [pp.  340 - 341]
	untitled [p.  341]
	untitled [p.  341]
	untitled [p.  341]
	untitled [p.  342]
	untitled [p.  342]
	untitled [pp.  342 - 343]
	untitled [p.  343]
	untitled [pp.  343 - 344]
	untitled [p.  344]
	untitled [p.  344]
	untitled [pp.  344 - 345]
	untitled [p.  345]
	untitled [pp.  345 - 346]
	untitled [p.  346]
	untitled [pp.  346 - 347]
	untitled [p.  347]
	untitled [p.  347]
	untitled [p.  348]
	untitled [p.  348]
	untitled [p.  349]
	untitled [pp.  349 - 350]
	untitled [p.  350]
	untitled [p.  350]
	untitled [p.  351]
	untitled [p.  351]
	untitled [pp.  351 - 352]
	untitled [p.  352]
	untitled [p.  353]
	untitled [pp.  353 - 354]
	untitled [p.  354]
	untitled [p.  354]
	untitled [p.  355]
	untitled [p.  355]
	untitled [pp.  355 - 356]
	untitled [p.  356]
	untitled [p.  357]
	untitled [pp.  357 - 358]
	untitled [pp.  358 - 359]
	untitled [pp.  359 - 360]
	untitled [pp.  360 - 361]
	untitled [pp.  361 - 362]
	untitled [p.  362]
	untitled [pp.  362 - 364]
	untitled [p.  365]
	untitled [pp.  365 - 366]
	untitled [p.  366]
	Further Citations [pp.  366 - 369]

	Alan Ross Anderson Memorial Fund [p.  370]
	Notice of the Society for Exact Philosophy [p.  370]
	Notice of the New Journal Teaching Philosophy [p.  370]
	Meeting of the Association for Symbolic Logic: Orleans, France, 1972 [pp.  371 - 389]
	Meeting of the Association for Symbolic Logic: Atlanta 1973 [pp.  390 - 405]
	European Meeting of the Association for Symbolic Logic: Bristol, England, 1973 [pp.  406 - 432]
	Back Matter



