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1 Preliminary Definitions

Env
BType
Type
TEnv
TEnv'

Name — Value

F(Cname)

Tname + BType + Type x Type
(Name + CName) — Type
Tname — Type

We have £ € Env;T € TEnv;S € TEnv';7 € Type. ¢ denotes the empty environment (for
TEnv, TEnv' and Env). Dom : TEnv — (Name + Cname) and Dom : TEnv' — Tname give

the domain of a type environment. Similarly Ran delivers the range of TEnv and T Env’.

match is the formalisation of the matching function used in the operational semantics (rule
40). The arguments to match must be well-typed. ¢, e1,¢9 are consts and chy and chy are
choosers (both defined in the next section).

match(c, chi|che) = mateh(e,chy) V match(c, chs)
match((cy, c2), (ch1,cha)) = match(cy, chy) A match(ca, cha)
/ tt  if cname = cname’
match(cname, cname’) = { [ otherwise
match(?tname, cname) = Lpog
match(c,tname) =

valueof : const — Value is a bijection mapping a constant to a value. It is used to switch

between a value and its syntactic representation.



2 Syntax

program = INPUT name :tname IN expr |
TYPE tdecl IN program
tdecl = tname = type
type = btype | ttype
btype := cname | btype|btype
ttype = tname | ttype * ttype
decl ::= REC name = expr | name = expr
expr = const | name |
exprlint] | (expr, expr) |
DELAY (expr, const) |
IF expr MATCHES chooser THEN expr ELSE expr |
LET decl IN expr
chooser = tname | cname | (chooser, chooser) | chooser|chooser
const = Ttname | cname | (const,const)

3 Static semantics

3.1 Type Equivalence
tname € Dom(S)

S, T+ tname ~ S(tname)

SSTH 7~ 1

ST+ 7~ 7
SSTH 7'~ 1

STH 1~ 7 STF 7'~ 7
STkFH 7~ 1/

STH r~ 7 S, TF 1~ 7
S, TF (r,r")~ (', 7")

STkF expr: t STH 7~ 1
S, TkF expr: 7

3.2 Type Definitions

S, T,tname + type : T
S, T+ tname = type : S{(tname,s)},T"

tname ¢ Dom(S)

Where s = ttype if type = ttype, and s = {cnamey, ..., cnamey} if type = cname |

S, T tname = ttype : T

D T
S, T,tname & cname : T{(cname,tname)} ename ¢ Dom(T)

S, T,tname - btype : T S, T tname & btype' : T"
S, T,tname + btype|btype' : T"
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All tnames in ttype must be in Dom(S).

(7)

... |enamen .



STk expr: t

11
S, T+ name = expr : T{(name, 1)} (1)
T F oexpr:
S, T{(name, r)} - expr: 7 T corresponds to a ttype (12)
S, T+ REC name = expr: T{(name, 1)}
3.3 Programs
S,T{(name,tname)} - expr: T
t Dom(S 13
S, T+ INPUT name :tname IN expr: T name € Dom(S) (13)
S, T+ tdecl: S', T T' S+ program: T (14)
S, T+ TYPE tdecl IN program : T
Dom(T 15
S,TF name = T(name) name € Dom(T) (15)
S, TF expr: 1 % )
=1,2 1

S, Tk expr[i]: & ! ’ (16)
STkF expr: t S, Tk expr': 7 (17)

S, TtF (expr,expr’): Tx71!
STF expr: T S, Tk const: T (18)

S, T+ DELAY (expr,const): T

S, TkF expr: 1 S, T+ chooser: T S, TF expr': 7 S, T+ expr’: 7
S, T+ IF expr MATCHES chooser THEN expr! ELSE expr! : 7/

(19)
S, TrF decl: T’ S, T'+ expr: T (20)

S, T+ LET decl IN expr: T
Dom(T 21
S, T+ cname : T(cname) cname € Dom(T) (21)
t D 22
S, T+ ?tname : tname name € Dom(S) (22)
S, TF const: T S, Tk const' : 7' (23)

S, Tt (const,const’): Tx71!
t dom(S 24
S, T+ tname : tname name € dom(S) (24)
S, T+ chooser : T S, T & chooser’ : T (25)

S, T+ chooser|chooser’ : T
S, T+ chooser : T S, T+ chooser’ : 7' (26)

S, Tt (chooser,chooser') : T 1/



4 Operational semantics

27

E F program, nil = program, nil (27)

E+ program, h = p', A’ Erp t=p' t (28)
EF program, h:t= p' h'

E{(name,h)} F expr = expr’, v (29)

E F INPUT name : tname IN expr, h = INPUT name : tname IN expr’, v

E+ program, h = program’, v

prog prog (30)

E F TYPE typedecl IN program, h = program’,v

Et expr= expr' v

Et+ name = expr = name = expr', E{(name,v)}

E, (name, ?type) b REC name = expr = expr’, v
E ' REC name = expr = expr', E{(name,v)}

type is the type of expr (32)

E{(name,v)} F expr = expr’, v

33
E,(name,v) b REC name = expr = REC name = expr!, v (33)
E{(name,v)} b expr = expr’ v E,(name,v') - REC name = expr = expr’, v"
E,(name,v) - REC name = expr = expr’, v
(34)
35
EF name = name, E(name) (35)
E l_ , = , , €T , (v, .
expr (ell‘prl expra), (v1,v2) =12 (36)
E & expr[i] = expri, v;
Et& expry = expri, v Et expry = exprh,vs (37)
EF (expry,expry) = (expri,exprs), (v1,v2)
E+ decl = decl' | E’ E' v+ expr= expr’ v (38)
E & LET decl IN expr = LET decl’ IN expr!, v
Et expr= expr’, v (39)
F + DELAY (expr, ¢) = DELAY (expr!, valueof~1(v")), valueof(c)
E+ expro = expry, vo Et& expry = expry, v E & expra = exprhy, vs (40)
EF IF exprg MATCHES chooser THEN expr; ELSE exprs
= IF expr6 MATCHES chooser THEN empr'l ELSE ea:pr;, v
Where type is the type of expr; and exprs in:
o match(vg, chooser) = ti
V=< g match(vg, chooser) = ff
Ttype  match(vg, chooser) = Lpoo
(41)

EF cname = cname, valueof(cname)



Er ¢ = c’l, v1 Er = c’z, V9
EtF (c1,e2) = (), ¢h), (v1,v2)

(42)

The type of tname is ttype; * ttypes.
(43)

E & 7tname = (Tttypey, Tttypes), (Tttypey, Tttypes)

44
E F 7tname = 7tname, valueof(?tname) (44)

5 Examples

Example 1

TYPE foo = bar IN
TYPE bar = foo IN
INPUT wiz : foo IN
( wiz, foo, bar, ?foo, ?bar )

This program illustrates that constructors and types may hide each other, and has type foo *
bar x foo * foo x bar.

Example 2

TYPE foo = foo IN
TYPE bar = bar IN
INPUT in : foo IN
LET RECn =
LET RECn=n INn
INn

This program has type 7 where 7 corresponds to any ttype (i.e. any tuple) that may be con-
structed from foo and bar. Thus 7 may be foo, bar, (foo, foo), ((bar, foo),(foo,bar)),...The
program evaluates to the undefined value corresponding to the type: ?foo, 7bar, (?foo,? foo),
((?bar, ? foo), (? foo, 7bar)),. . .Note that the free type variable 7 originates in the inner LET REC
and there is no choice for the type of the outer LET REC. Replacing the last occurrence of n by
n[2][2] would dissallow the first three types listed above.

Example 3

TYPE bool = true | false IN
TYPE twobool = bool * bool IN
INPUT in : twobool IN
IF in MATCHES twobool | (bool, true)
THEN ?twobool[1]
ELSE (?bool, in[2])[1]

This program has type bool and evaluates to 7bool. The derivation of the type depends on the
expansion (once in chooser and once in the type of 7twobool) of twobool to bool * bool. The
evaluation depends on expanding 7twobool to (?bool, Tbool) to allow indexing.



