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Abstract tionsinto OBDDs(cf. [5]) usedsosuccessfullyn symbolic

This paperstudiesthe problemof evaluatingunary (or node-
selecting) queries on unranked trees compessedin a natural
structue-preservingway, by thesharingof commorsubtees.The
motivationto studyunary querieson unranked treescomesfrom
thedatabasdield, whee queryingXML documentswhich canbe
consideedasunranked labelledtrees,is animportanttask.

We give algorithmsand compleity resultsfor the evaluation
of XPath and monadicdatalagy queries.Furthermok, we propose
a new automatatheoetic formalismfor queryingtreesand give
algorithmsfor evaluatingqueriesdefinedby suc automata.

1. Intr oduction

Semi-structurediata, best-knevn in the syntaxof XML,
have causeda significant paradigmshift in the field of
databasesystems,and have also beenone of the central
researchtopicsin databaseheory over the last five years
(see[l] and[24] for surweys). While classicalrelational
databasesanbe describedas relationalstructures XML-
documentsirebestmodelledby unranledtrees.This paper
studiesthe problemof evaluatingunary(or node-selecting)
guerieonunranledtreescompresseth anaturalstructure-
preservingwvay, by the sharingof commorsubtees Node-
selectingqueriesare not only of interestas basicqueries
in their own right, but arealsoanimportantbuilding block
for morecomplex queries.In particular the node-selecting
path query languageXPath is at the core of several ma-
jor XML-related technologiessuchas XML Query XML
Schemaand XSLT, the principal querylanguage schema
definitionformalism,andstylesheetanguagdor XML, re-
spectvely. Thus,the efficient processingf XPath queries
(andthestudyof node-selectingKML queriesn general)s
paramounto the overall succes®f all thesetechnologies.
The compressionof XML-trees into directed agyclic
graphsby the sharingof subtreeshasrecentlybeenpro-
posedby BunemanGroheandKoch[6]. It canbe seenas
adirectgeneralisatiomf the compressiormf Booleanfunc-
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model checking[7, 8]. The approachbearsthe promise
of advancingthe stateof the art of XML query process-
ing at two fronts. First, compressiorallows to keeplarger
documenttreesin main memory (wherethey can be effi-
ciently evaluated)andpermitsa substantiaspeedugby of-
ten avoiding the needto useslow secondarystoragewhen
treesarelarge andotherwisecannotbe keptin main mem-
ory asawhole. Secondgvaluatingquerieson compressed
treesin practicesavestime by avoiding redundantompu-
tations. In [6], it wasimplementedor a large fragmentof
XPath (Core XPath, which wasintroducedin [16]) andex-
tensvely benchmarkd on practical XML documentsser-
eral hundredsof Megabyteslarge and consistingof trees
comprisingtensof millions of nodes.The compressioma-
tios obtainedwverevery promising,andtheactualefficiengy
of queryprocessingbtainedwasastonishing.
Themainobjective of this paperis to createa solid theo-
retical foundationfor the approach.The problemof evalu-
atingCoreXPathqueriesoncompressethstancehasbeen
shawn to befixed-parametetractablein [6]. More specif-
ically, the problemhasbeenshownn to be solvablein time
O(k-2%.n), wherek denoteghesizeof thequeryandn the
sizeof thecompressedhstance Complementinghisresult,
herewe prove thatthe problemis PSRACE-complete Fur-
thermorewe shaw thatthe problemof evaluatingqueriesof
the positive Core XPATH fragment(i.e., without negation)
is NP-completeLet usremarkthatthe problemof evaluat-
ing CoreXPath querieson uncompressetteesis known to
bein polynomialtime (actually PTIME-completg17]).
Even though undoubtedlyvery importantin practice,
from a theoreticalperspectie XPath seemsto be a very
ad-hoclanguagethat leaves a lot to be desired. Monadic
second-oder logic (MSO) on trees,on the otherhand, is
well-known to have beautifultheoreticalpropertiesIn par
ticular, it haswell-balancedexpressve power in thatit is
expressve enoughfor mostpurposesbut onthe otherhand
still hasgood algorithmic propertiesdueto its connection
with tree automata. Indeed, MSO hasbeenproposedas
a “benchmark”for the expressive power of node-selecting
XML querylanguage$25]. NeverthelessMSOQitselfis not
suitableasa practicalquerylanguagebecauset allows to
expressvery complec queriesvery concisely which makes



the query evaluation problemintractableeven on uncom-
pressedrees(cf. [27, 13]). But thereare nice languages
which have the sameexpressve power as MSO on trees,
but admitmuchmoreefficient queryevaluation.Themodal
p-calculusmay be seenasan exampleof sucha language
(atleaston rankedtrees).In the context of queryingXML,
the most promisingsuchlanguageis monadicdatalag. It
hasthe sameexpressve power as MSO, but admitsquery
evaluationin time linearin boththe sizeof the datalogpro-
gramandthesizeof thetree[14].

We study the evaluationproblemfor monadicdatalog
guerieson compressednstances. We show that, as for
the strictly wealer Core XPath, the problemis PSRACE-
complete. Of coursethe PSRACE-hardnessvasto be ex-
pectedput thecontainmenbf theproblemin PSRACE may
be viewed asmildly surprising. We thenshaw that, again
asfor XPath, thereis an algorithm solving the evaluation
problemfor monadicdatalogon compressednstancesn
time O(2* - n), wherek denoteghe sizeof the datalogpro-
gramandn thesizeof thecompressethstance.

Next, slightly digressingrom the mainfocusof this pa-
per, we discusghe connectiorbetweencompressetinary
andunranledtrees.EventhoughXML-documentsarenat-
urally representedsunranledtrees,we believe thatit may
be worthwhile to convert theminto binary treesfirst and
then only work with compressedinary trees. We shov
how suchacorversioncanbecarriedoutwithoutpayingtoo
high a pricefor it andobsenre thatin certainsituationsthe
compressethinary instancesnay be exponentiallysmaller
thanthe compressednranledinstanceshey representAn
additionaladvantagethis mayhavein practiceis thatnodes
of binary instancescan be storedin a fixed size memory
segment, whereasnodesof unranked instancesmay have
adjaceny lists of unboundedength,which tendto leadto
high memoryfragmentation. Experimentalevidencesug-
gestgthatthe corversionto binaryinstancess worthwile in
practiceandmay leadto more memory-andtime-eficient
XML queryengines.

Returningto thequeryevaluationproblem analternatve
approacho queryingtreescanbe basedn tree-automata.

Right from the beginning,automata-theoreticieashave
playeda centralrole in XML-related research.Automata
theoryhasbeenusedfor evaluatingpathandpatternqueries
[4, 25, 26, 14], asa basisfor XML schemdanguageg20,
23], for definingXML transducer§21], andfor XML data
streamprocessing18]; See[24] for a suney of automata-
theoreticwork relatedto XML.

Mostimportantin our contect arequeryautomata pro-
posedby Neven and Schwentick[26] to describenode-
selectingquerieson unranled trees. We suggesta simi-
lar automatamodel that we call selectingtree automaton
(STA). STAs have the samequeryingpower andsimilar al-
gorithmicpropertiesasqueryautomatabut we feelthey are
muchcleanerandsimpler Eventhoughour main interest

hereis in queryingcompressethstancesSTA arerelevant
in the uncompressedettingaswell. We shaw that STA-
guerieson compressednstancescan be evaluatedin time
20(s) . p, wheres is the size of the automatorandn the
size of the compressedhstance.Unfortunately this seems
to betooinefficientfor practicalpurposesbecauseve usu-
ally cannotexpectour automateo be sosmallthata factor
in the runningtime thatis exponentialin s is acceptable.
For example, translatinga monadicdatalogprograminto
an equivalentSTA causesan exponentialblow-up in size.
Therefore we alsoconsidera restrictedmodelof weakse-
lectingtreeautomata which hasbetteralgorithmicproper
tiescomparabldo thoseof monadicdatalog.

The structureof this paperbasically follows the order
of contributionsgivenabove. Dueto spacdimitations, the
proofsof ourresultswerebeyondthescopeof this extended
abstraceindwill be presentedn thelong versionof the pa-
per. Forthecorvenienceof thereviewers,they areprovided
in anappendix.

2. Compressedlrees

In this section,we review the framework of queryingtrees
compressetby subtreesharingthat hasbeenintroducedin
[6]. We emphasis¢he centralrole of thefamiliar notion of
bisimilarity in this framework.

2.1.Instancesand Bisimilarity . A schemais afinite setof
unaryrelationnames.Leto = {54,...,S5,} beaschema.
An instanceof schemao, or o-instanceis atuple

I = (V4 root,s),....5)),

whereV! is the (finite) setof verticesy! : V! — (V!)*is
a function whosegraphis agyclic andhasa uniquevertex
of in-degree0 from which all otherverticesarereachable,
root is this vertex of in-degree0, and S}, ..., S!, aresub-
setsof V'.

Herethegraphof «y is the directedgraphwith vertex set
V! andan edgefrom v to w if w occursin v(v). We call
this graphthe DAG of |. Occasionallywe denoteits edge

relationby E'. For verticesu,v € V we write u — v if
thereis ann > i andverticesvy, ..., v, suchthaty(u) =

v1...v, andv = v;. Intuitively, if w = v thenw is thei-th
child of » andu is the parentof v. An instanceis k-ary,
for somek > 1, if every vertex hasat mostk children. If
the instancel is clearfrom the context, we often omit the
superscript.

A treeinstancds aninstancavhoseDAG is atree. Tree-
instancesareour modelof XML-documents.Theunaryre-
lations representedby the schemaare usedto encodethe
relevantinformationcarriedby theverticesof anXML-tree.
This maybethe XML-tag of a vertex, but alsoinformation



encodedn the alphanumericatlataat the vertex. Indeed,
the latter is of crucial importancebecausenode-selecting
querieswill usually accesghe alphanumericatlata. The
implementationof Core XPathin [6] admitsqueryingal-
phanumericatlatathroughso-calledstring constaints

A bisimilarity relation betweentwo ¢-instanced and
J is a binary relation~ C V' x V?J suchthatfor all v €
V!, w e VY with v ~ w we have

— foralliandv’ € V', if v - o' thenthereexistsw’ €
V9 suchthatw -5 w’ andv’ ~ o/,

— foralli andw’ € VY, if w %, W' thenthereexists
v € V! suchthatv - " andv’ ~ w’, and

—forallSeo: (ve s «— we9).

If thereis somebisimilarity relation~ between andJ such
thatv ~ w, we call the verticesv and w bisimilar (we
write v ~ w or (I,v) ~ (J,w)). Theinstanced andJ
arebisimilar (we write | = J) if root = root’.

If | is aninstanceand~ abisimilarity relationon| (that
is, between andl), thenl /. is theinstanceobtainedfrom
| by identifying all verticesv, w with v ~ w. We define
a partial order < on the classof all o-instancesby letting
I < Jif thereis a bisimilarity relation~ onJ suchthatl is
isomorphicto J/... More precisely < is a partialorderon
thesetof all isomorphisntlasse®f instancesBut noharm
isdoneby blurringthisdistinctionhereandin thefollowing.

Lemmal ([6]). Letl bea o-instanceandlet £(I) bethe
classof all instancesbisimilar to I. Then(£(1), <) isa
lattice. Its maximalelementT(1) is the only treeinstance
in L(1). TheminimalelementM(1) is alsocharacterisecby
the fact that it containsthe leastnumberof verticesof alll

instancesn L(1).

It will be necessaryaterto have a canonicaldefinition
of T(), andnotjust a characterisationp to isomorphism.
If v, v’ areverticesin aninstancd , andthereareintermedi-

ateverticesvy, ..., v,_1 suchthatv = vy ...v,_1 - ¥/,
we saythat the integer sequence; . .., is an edge-path
betweerv andv’. For eachvertex v € V we define

II(v) = {P | P is anedge-pattirom rootto v},

andfor asetS C V weletII(S) = (J,cg4I(v). Note
that the verticesof T(I) arein one-to-onecorrespondence
with theelementf II(V'). Thuswe candefineour canon-
ical representatioof T(I) to have vertex setTI(V') (andall
relationsdefinedin the obvious way). Also note that for
bisimilar instanced ~ J andverticesv € V', w € VJ we
havev ~ w if andonly if II(v) = II(w).

2.2. Representationsand Size. Our machinemodelis a
standardRAM modelwith additionandsubtractiorasarith-
meticoperationsWe useauniformcostmeasureWhile for

someof thetheoreticalconsideration®f this paperaloga-
rithmic costmeasurewvould be nicer (cf. Remark13), we
think thatfor the practicalanalysisof our algorithmsa uni-
form measures mostappropriate After all, amainmotiva-
tion for this researclis to give mainmemoryalgorithmsfor
gueryingXML-documents andthis basicallymeanghatin
our algorithmswe never haveto handlenumberghatdo not
fit into a singlememoryword.

We represeninstancedn a straightforward way based
onanadjaceny list representationf the underlyingDAG.
Thereis oneimportanttwist: Instancesmay containmul-
tiple edges,andinsteadof storingthemall separatelywe
just useoneadjacengy list entry which containsaninteger
representinghe multiplicity to representonsecutie edges
from avertex to a child. Sincethe orderof the childrenof
a vertex is important,we canonly do this for consecutie
edgedo thesamechild (seeFigurel). In practice this con-
cise representatiorof multiple edgesis extremely impor-
tant,becaus&XML-treestendto beverybroadandshallow,
andthereforetheir compressedersionstendto have mary
multiple edges.We denotethe sizeof the representationf
aninstancd by ||1]|. Notethatwe have |[V'| < O(||l||) and
[I1]] < O(]V'|?). Moreover, we have ||I|| < O(|E']), but
our conciserepresentatiorf multiple edgesand the uni-
form costmodelimply thatwe cannotbound|E' | in terms
of [|1]|. If welet mult(l) be the maximumnumberof con-
secutve multiple edges that is, the maximumnumberof
edgesepresentetyy a singleadjaceny list entry, we have
[E'[ < O(|[M]| - mult(l)).

Figurel.

Thefollowing earlierresultrefersto the computatiorof
compressethstancegvenwith edge multiplicities

Theorem2 ([6]). Thet is an algorithmthat, givenan in-
stancel, computeghe minimal bisimilar instanceM(1) in
timeO(|[1]]).

3. Queriesand Query Languages

3.1. Queries. Sincewe think of aninstancel asbeing
a compressedepresentatiomf the treeinstanceT(l), we
definethe semanticof querieswith respecto the treein-
stances. Our notion of queryis basedon the useof this
termin finite modeltheory: A (unary) query @ of schema
o associatewith every treeinstanceTl of schemar a sub-



setQ(T) € VT in suchaway thatfor every isomorphism
7 from a tree-instancel to a tree instanceT’ we have
7(Q(T)) = Q(T'). Notethattheterm“query” usuallyhas
a differentmeaningin the theory of semi-structurediata;
therea queryis a mappingfrom tree instancego treein-

stancegsee[1]). Whatwe call unaryqueryhereis usually
calledpatternin this framework.

We want to evaluatequerieson compressednstances,
preferablywithoutfully decompressinthem.The problem
is that we cannotalwaysrepresenthe resultof a queryin
the instancewe are given: While every subsetX C V'
canonicallycorrespondsgo the subsetll(X) € VT =
(V"), unlessl = T(1) it is not the casethatfor every set
Y C VT thereisasetX C V' suchthatY = II(X). So
to representhe answerof aquerywe may have to partially
decompresshe instance. The following definition makes
this precise:

Definition 3. Theevaluationproblemfor aquerylanguage
L onaclassC of instancess thefollowing problem:

Input: Instance € C'andquery@ € L.
Problem: Returnaninstance] andasubset) C
V7 suchthat| andJ arebisimilar and

Q(T(1)) = 1(Q).

If C is not explicitly mentioned,it is understoodo be
the classof all instances.

Our compleity-theoreticresultsonly refer to the deci-
sionversionof theevaluationproblem:

Instancel € C, vertex v € V1), and
query@ € L.
Problem: Decideif v € Q(T(l)).

Input:

In this definition,we supplya nodeof theuncompessed
tree-versionof theinstancd with theinput, sincenodesof
| do not necessarilyexist in Q(l) but may have beensplit
up. Clearly, a goodway to formulateglobal propertiesof
instancesas decisionproblemsis to checkquerieson the
rootnode,sincell(root) = {root’ ("} for all instances.

3.2. Complexity. We assumehatthe readeris familiar
with the standardcompleity classesuchasPTIME, NP,
andPSRACE. It is corvenientto phrasesomeof our results
in theterminologyof fixed-parametetractability (see[10],
or [19] for a shortintroductioninto the notionsmostrele-
vanthere).Actually, we only needonedefinition: Theeval-
uation problemfor L on C' is fixed parametertractableif
thereis a computabldunction f, a constant, andanalgo-
rithm solvingthe problemin time f(k) - n°, wheren is the
sizeof theinputinstanceandk thesizeof theinput query

3.3. Logic and relational structures. We assumethat
the readeris familiar with relationalstructuresfirst-order

logic FO, and monadicsecond-ordetogic MSO (see,for

example[11]). In thelogical context, we describer-treein-

stancessrelationalstructuresvhosevocahulary consistof

all unaryrelationsymbolsin the schemar and,in addition,
the unary relation symbolsRoot Leaf Last-Sibling and
the binary relation symbolsFirst-Child and Next-Sibling

all with the naturalmeanings(cf. [14]). We occasionally
call Root Leaf Last-Sibling First-Child, and Next-Sibling
the built-in predicates We useT to denoteboth the tree
instanceandtherelationalstructurerepresentingt.

If T is atreeinstanceand ¢(z) an MSO-formulawith
onefreevariable thenwe let o(T) bethesetof all vertices
v € VT suchthatT satisfiesp(x) if  is interpretedoy v.
We call T — ¢(T) thequerydefinedby .

3.4. Monadic datalog. We assumedhatthe readeris fa-

miliar with datalogwhich maybeviewedaslogic program-
mingwithoutfunctionsymbols(cf. [2]). A datalogprogram
ismonadidf all its IDB predicategthatis, intensionapred-
icatesthatappeaiin rule headssomevherein the program)
areunary We interpretmonadicdatalogprogramsovertree
instances.A monadicdatalogprogramof schemas may
useasEDB predicategthatis, extensionapredicatesvhich

are determinedoy the structurethe programis interpreted
over) the built-in predicatesRoot Leaf Last-Sibling the
binary relation symbolsFirst-Child and Next-Sibling the
predicatesn o, anda predicateS for every S € o which

is interpretedasthecomplemenbf S. EachprogramP has
adistinguishedyoal (IDB) predicate The querydefinedby

P mapsa treeinstanceT to the setof all verticesv such
that P derivesover T thatv is in the goal predicate. Two

programsareequivalentf they definethe sameguery

Thepopularfixpoint semantic®f (monadic)datalogcan
be definedby meansof a small-stepmonotonicimmedi-
ate consequencepenator 7». Givena setof ground(i.e.,
variable-freeatomsX, 7p» choosesrule of P (with head
predicateP) and a nodewv suchthat X satisfiesthe rule
body anda new groundatom P(v) canbe inferred (then,
7p(X) = X U{P(v)}). We write the k-timesiteratedap-
plicationof 7p as7»* andthefixpoint 7™ = 7p™*! as
7p“. In this context, we may consideraninstanceT asa
setof unaryandbinary groundatomsandevaluate? on T
as7p*(T).

We only usemonadicdatalogprogramswith arestricted
syntaxdescribedext. In aTMNF program (“Tree-marking
Normal Form”), eachrule is aninstanceof oneof the four
rule templategwith “types” 1 to 4)

P(z) « Ul(x). (1)
P(z) < Py(zg) N B(zo, x). 2
P(zg) < Po(z) A B(zo, ). 3
P(z) < Pi(z) A Pxx). 4)

whereP, Py, Py, P, arelDB predicatesandU, B areEDB
predicates.



Proposition4 ([14]). Every monadic datalog program
(overtrees)canbetranslatednto anequivalenfTMNF pro-
gramin linear time

Thus, in the following, we only dealwith programsin
TMNF. All worst-caséboundsfor TMNF queryevaluation
translatémmediatelyto the evaluationof monadicdatalog.
Note that monadicdatalogcapturesMSO over trees[14]
andcanbeevaluatedn time O(||T|| x| P|) whenT is atree-
instance[14]. The following new resultis basedon a lazy
rule-instantiatiorversionof an algorithm by Minoux [22]
(seeAppendixA for aproofandthe algorithm):

Proposition5. A TMNF program P can be evaluatedon
tree-instancd in time O(|T| + |P| * [Z7p“(T) — T|).

Note that by definition, 7-“(T) containsT asa setof
groundatoms.

3.5. Core XPath. XPath usesthirteenbinary relations—
calledaxes— for navigatingin trees[30]. We only needto
introducefive of themin this paper Self(the identity rela-
tion on V'), Child (theintuitive child relation; Child(v, w)
iff w is a child of v), Parent (its inverse),Descendan(the
transitive closureof Child), and Ancestor(its inverse). In
thefollowing definition of afragmentof XPath,we assume
all 13 axesto be supportedgvenif only a few have been
introducedhere (for a completeformal definition of Core
XPathsee[16]).

Definition 6. LetT bea tree-instanceVWe definethe syntax
of CoreXPathby the EBNF

corexpath: locationpath | ‘/’ locationpath
locationpath: locationstep(’/’ locationstep)*
locationstep: x " P | x' P predT
pred: pred‘and’ pred | pred‘or’ pred

| ‘not(’ pred‘)’ | corexpath | ‘(' pred?)

“corexpath” is the start production,y standsfor an axis,
and P for a “node test”, thatis, a unaryrelationfromo or
“ meaning‘any node” V.

Thesemanticof Core XPath querieson tree-instances
T is definedby two functionsS and¢&:

S : L(corexpath — 2V V'
She:Ple]] = {{z.y) | X (z.9) Ay € (PNE[e])}
S[/x] = V' x{z| (root'",z) € S[x]}
S[mi/m] = {(w,2) |y (z,y) € S[m] A
(y. 2) € S[m=]}
£ : L(pred — 2"

Eler andes] =
5[[61 or 62]] =

5[[61]] n 5[[62]]
5[[61]] @] 5[[62]]

Enot(e)] VT —€[e]
Elr] {zo | 2 : (x0,2) € S[7]}
QueryQ resultsin theset{y | 3z : (z,y) € S[Q]}.

CoreXPathis a strict fragmentof XPath[30], bothsyn-
tacticallyandsemanticallyMoreover,

Proposition 7. Every Core XPath querycan be translated
into an equivalenfTMNF programin linear timeandloga-
rithmic space

A mappingfrom Core XPath to monadicdatalogwith
stratifiednegationwasgivenin [15]; we strengtherthis re-
sultto (negation-free)TMNF in AppendixA.1. Noteagain
thatwe assumen Proposition7 that Core XPath supports
all XPathaxes.

A naturalrestrictionon Core XPathis to exclude nega-
tion. We call the languageobtainedpositive Core XPath.
Thisfragments alsointerestingaswhile bothmonadicdat-
alog andCore XPath are P-completew.r.t. combinedcom-
plexity ontree-instanceqositive Core XPathis LOGCFL-
completeandthuseffectively parallelizablg17].

4. Complexity and Evaluation of Monadic Datalog

In this sectionwe studythe complexity of queryevaluation
for TMNF andCoreXPathoncompresseihstancel Edge
multiplicities, asintroducedbefore, mayleadto somediffi-
culty; we assumeuchmultiplicities notto bepresenin the
instancef this section.Sincethey canhave practicalim-
pacton the compressiomate(cf. [6]), we referto Section5
wherea mappingof unranledtreeswith edgemultiplicities
to binarytreesis described.

Beforewe arrive at our maincompleity results we pro-
vide a polynomial-spacelgorithmthatcomputeghe pred-
icatesderivablefor a givennode,compressethstanceand
TMNF program.

Let T beatree-instancandv € VT anode. Moreover,
let T,, denotethe subtreeof T rootedby v. T, is againan
instance.Let X be a setof groundatomsandV a setof
nodes.Then,by X/ wedenote{P(v) € X |[v e V,P €
IDB(P)}, X/, isshortfor X/, andwe abbreviate X /y
asX/r.

Lemmas8. LetT bea tree-instancevy € VT a nodewith
n > 0 childrenv; . . . v,, Xo asetofgroundIDB atomsover
nodewvy, and0 < k < n aninteger. Then,the pseudocode
of Figure 2 defineghefunction

fixp(vo, Xo, k) = Tp* (Tu, U Xo)/u
which satisfieghetwo equations
TPw(T)/root = fiXp(fOOt, (Z)a 0)

INotethatall proofsof this sectionweremovedto AppendixB.




function fixp(vg: node,
Xo: setof groundIDB atomsover vy,
k: integer> 0)
/* letvg haven > k childrenvy ... v, */
returns setof groundIDB atomsover vy,
begin
X =Xo UT/{vo,vl,...,vn};
while nofixpoint reachedio
X =Tp (X) U
fiXp(vl, X/vl ) 0) U
return X/, ;
end.

< U fixp(vp, X/, ,0);

Figure2. Thefunctionfixp.

Tp® (T>/’Uk = ﬁXp(’U, TPW(T)/M k)

This provides us with an algorithm to compute
Tp*(T)/,, for an arbitraryv given its edge-pathl(v) =
ki --- k. It simply startsfrom fixp(root, §),0) anditera-
tively callsthefixp functionfor eachof the segmentsk; of
II(v), alwaysusingtheresultof the previouscall asthesec-
ondandk; asthe third agument. Note thatmore detailed
sketchef this algorithmandthefixp functionareprovided
in AppendixB.

Theorem9. Givena TMNF programP, aninstance , and
anodev € T(l), theset{ P(v) € Tp“(T(l))} canbecom-
putedin spaceO(||l|| x |[IDB(P)|).

EvaluatingCoreXPath(andthusTMNF) oncompressed
instancess alsoPSRACE-complete:

Theorem 10. The evaluation problem for both monadic
datalog and Core XPath over compessedinstancesis

PSFACE-complete Positive Core XPath over compessed
instancess NP-complete

Finally, we look at the problemof finding a practical
(time-eficient) algorithmthat evaluatesa TMNF program
P onacompressethstancej.e., which produces bisimi-
lar instanceo thenodesof which thefixpoint of 7 hasbeen
attachedemploying partialde-compression).

Analogouslyto Definition 3 (but now, adatalogprogram
selectsseveral setsof nodes,onefor eachlDB predicate),
we assumethat the evaluationproblemfor program? on
instancd is to find a bisimilar instancel over schemar U
IDB(P) suchthatT(J) = 7p“(T(l)) (wherewe slightly
alusenotation).

Theorem11. Let? bea TMNFprogramand| aninstance
Then,an instanced s.t. T(J) = 7p¥(T(1)) and |[VY| <
2 IPBP)| « |V'| canbecomputedn time O(|P]  ||J]]).

This resultis basedon avariationof Minoux’ algorithm
[22] (for evaluatingpropositionalogic programs)n which

welazily —only whenneeded- computepropositionatules
(by instantiatingthe rulesof P usingtheinstancel). The
simplesyntaxof TMNF greatlyfacilitatesthis lazy ground-
ing of the program.(SeeAppendixB.)

5. Binary Structures

The conciserepresentatiorof multiple consecutie edges
(just storing one edgetogetherwith a multiplicity) causes
a numberof problems. One way to get aroundtheseis
to transformarbitrary instancednto binary instancedfirst
andthenonly to work with thesebinaryinstancesIn abi-
nary instancewe canstoreall edgesexplicitly, sothereis
no needfor the multiplicities. For eachinstancd we define
abinaryinstanceB(l) asfollows: We first replacea vertex
with 4 childrenby analmostcompletebinarytreeof height
2M109()1  asindicatedin Figure3. ThebinaryinstanceB(1)
hasanadditionalunaryrelationthatcontainsall verticesof
theoriginalinstancd. All otherunaryrelationsof | canbe
directly transferredo B(l

A D

Figure3.

We omit a formal definition of B(I). The following
propositionis crucial. Its proofis straightforvard; Figure4
illustrateswhy therewill be a blow-up in sizelogarithmic
in the maximumedgemultiplicity.

Figure4.

Proposition 12. Theee is an algorithm that, givenan in-
stancel, computes binary instanceB equivalentto B(1)
intimeO(|]1]] - log(mult(1))).

Remark 13. Notethatif we usedalogarithmiccostmodel,
then the logarithmic factor in Proposition12 could be
avoided, becausestoring m parallel edgeswould thenre-
quirespaceandtime ©(log(m)).

While the binary instancecomputedby the algorithmin
Proposition12 may be larger by a factor of log(mult(l))
thantheoriginalinstanceit is notclearthatit will belarger



in practice.Indeed,after beingminimisedit may be expo-
nentiallysmallerthantheoriginalinstancegvenif thatwas
alsominimal. Thefollowing exampleillustratesthis.

Example14. Let o = {P,Q}. For¢ > 1, letl, bethe
following instance:l has3 verticesr, p, ¢. r is therootand
p.q areleaves. v is definedby ~(r) = (pg)*, v(p) =
v(¢) = 0. FurthermoreP = {p} and@ = {q}. Theright
handsideof Figure5 showsl 5.

r

N

p q
p q p q
Figure5. Theinstancd 3 of Examplel4,thebinary
instanceB(l 3), andits minimisationM (B(l 3)).

It is easyto seethat |, is minimal andthat ||l|| €
O(2%). However, asFigure5 illustrates,the minimal in-
stanceM (B(l,)) bisimilar to the binaryinstanceB(l ;) has
sizeO(Y).

Translatingqueriesin TMNF or MSO into queriesover
thecorrespondindpinaryinstancess easysoit maybewell
worth working with binaryinstance®nly.

Proposition15. Let | be an instanceand @) a query in
TMNF or MSO. Then,a query " in the samelanguage
can be computedn logarithmic spaceand linear time s.t.

Q) = Q'(B(I)).

Core XPath is not expressve enoughto accommodate
suchatranslation(consideyfor example thequery/descen-
dant::A/child::B),butthisis notaproblemasbetranslateall
CoreXPathqueriesnto TMNF in our framevork arnyway.

We have carriedout a numberof experimentson XML
corporacomparinghecompressiomchievzedusingour no-
tion of binary instanceswith instancescompressedising
multiple edges.For spacereasonswe hadto move our re-
port of theseexperimentswhich will be shovn in thelong
versionof this paperto AppendixC.2.

It is corvenientto representbinary instancesas rela-
tional structuresin a slightly differentway than arbitrary
instances.We representhe edgesof the DAG by two bi-
nary relationsFirst-Child and Second-Child representing
thefirst-child andsecond-childelation.

In thefollowing, we will give versionsof our resultsfor
bothunranledinstancesvith edgemultiplicities andbinary
instances.

6. Yet Another Query Automaton

Theideaof queryingXML-documentsby tree-automatés
not new (e.g.,[26, 18]). Somecareneedsto be taken, be-
causdn this context we arefacingtwo problemsausuallynot
consideredn classicallanguageheory: Treeinstancesre
not necessarilybinary, but may be unranled, and queries
selectsubsetf a treeanddo not just acceptor reject. Of
courseboth of theseproblemscan easily be resolhed (and
have beenresolhed in variousways, seee.g.[3, 12, 26]).
We handleunranled treessimply by viewing them as bi-
nary treesunderthe Fir st-Child and Next-Sibling relation.
Our way of handlingunary queriesis similar to the way
proposediy Nevenand Schwentick26] in their queryau-
tomata certainstatesareselectingstateshatselecthever-
ticesin the answerof the query However, beyondthis su-
perficial similarity the two queryingmechanismsre quite
different.

A non-deterministi¢bottom-up)treeautomatoris a tu-
ple2l = (Q,X, F,0), whereQ is the statespace X is the
alphabet F' C @ is thesetof acceptingstatesand

§:XUQ@xT)U(QxQxX)—29

thetransitionfunction Treeautomatavork on binarytrees
in theusualway. Notethatthetransitionfunctionis defined
in suchaway thatit accommodateleaves,nodeswith one
child, andnodeswith two children. However, if anodehas
only onechild, thereis no way to distinguishbetweerthis
child beingaleft or right child.

A o-treeautomatons anondeterministi¢ree-automaton
A = (Q,%, F,0) with ¥ = 27, thatis, a tree-automaton
that runs on tree instancesof schemas. If T is a o-tree
instanceandt € VT, we often write (¢) to denotethe
“symbol” {R€ o |te RT} € X =2,

We can let the sametree automatonrun on binary in-
stancesandon arbitraryinstancesyiewing the latter asbi-
narytreeswith respecto thefirst-child andnext-sibling re-
lation. In the following, we treatbinary treesin somede-
tails andthenbriefly explain how the approachextendsto
unranledtrees.

6.1. Binary instances. A run of a o-treeautomator®l =
(Q, %, F,6) on abinary treeinstanceT of schemao is a
mappingp : VT — @ suchthat:

— Forallleavest € VT wehave p(t) € §(2(t)).

— For all nodest € VT with onechild t; we have
p(t) € 8(p(ta), 3(1)).
— Forall nodest € VT with two childrent; , t, we have

p(t) € 8(p(t1), pt2), B(1)).



Therun p is acceptingif p(root”) € F. TheautomatorRl
acceptsT if thereis anacceptingunfor 2 onT.

To be ableto defineunaryqueries,we needto enhance
tree automataby an additional mechanismfor selecting
nodes.

Definition 16. A selectingo-tree automaton(c-STA) is a
tuple2l = (Q,%, F,9,5), where(Q, %, F,J) is a o-tree
automatorandS C @ asetof selectingstates

The unaryquerydefinedby a o-STA 20 mapsevery o-
treeT to theset

AT) ={ve VT | everyacceptingunof 20 on T isin
aselectingstateat vertex v }.

At first sight, this queryingmechanismsnay seema bit
artificial. However, it turnsout that STAs have goodalgo-
rithmic propertiesand provide a nice unifying framevork
for the languagesonsiderechere. Still, requiringall ac-
ceptingrunsto be in a selectingstateseemssomeavhat ar-
bitrary. We shall seebelow that we may equivalently re-
quire at leastone acceptingrun to be in a selectingstate
(cf. Corollary 19). Of courseit would evenbe betterif we
couldsimply usedeterministidreeautomata? Thefollow-
ing exampleshaws thatthis would not be sufiicient.

Example 17. Let EVEN-DEPTHbethequeryof schemd)
definedby

EVEN-DEPTHT) = {v € VT | depth{(v) is even}

wherethe depthof avertexin atreeis thelengthof thepath
from therootto this vertex.

EVEN-DEPTHis clearlydefinableby an STA. It is not
definableby andeterministicSTA, though.To seethis, just
notethat becausehereis only onerun of an STA on ev-
ery tree,for a querydefinedby a deterministicSTA it only
dependson the subtreebelow a vertex whetherthe vertex
belongsto theanswersetor not.

Nevenand Schwenticks [26] queryautomatearedeter
ministic, but the price for this is thata run of a queryau-
tomatonmay go up anddown thetreeseveraltimes. As the
following resultimplies, both typesof automatahave the
samequeryingpower.

Note thatbecausef spacdimitations, the proofsof all
resultsbut onehadto be movedto AppendixD.

Theorem 18. A query (on binary tree-instancesis defin-
ablein MSOif, andonlyif, it is definableby an STA.

2A tree automatonis deterministicif (g, a) is a one-elemensetfor
all (a,q) € 2U(Q x ) U (Q x Q x X). The usualpowersetcon-
structionshaws thatfor every (nondeterministicjreeautomator®! thereis
adeterministicreeautomator®l’ equivalentto 2, in the sensethat2 and
A’ accepthesametrees.

Corollary 19. For everySTA 2l there existsan STA 2L’ such
thatfor all binary treeinstancesT,

A(T) = {v € VT | there existsan acceptingrun of 2’
on T thatis in a selectingstateat
vertexv }.

Sincemonadiadatalogs containedn MSO, Theorenil8
alsoimpliesthatfor every monadicdatalogprogramthereis
anSTA definingthe samequery In thefollowing example,
we give a direct constructionof suchan automatonfor a
given datalogprogram,which of courseis more efficient
thantheonegoingthroughMSO.

Example 20. Let o be a schemaand X1,..., X, € o.
Let P be a TMNF-programof schemas. Let X; bethe
goal predicate. We definea o-STA 2 = (Q,2°, F,4,5)
asfollows: We let Q = 2{X1Xe} P = Q, and S =
{¢ € Q| X1 € q}. To definethe transitionfunction, we
first definea propositionaHorn formula ¥ in the variables
oU{X;, X}, X2 |1<i<(}(weconsiderelationnames
aspropositionalvariableshere)with thefollowing clauses:

— If X;(x) — R(z)isaruleof PthenX; «— Risa
clauseof 0.

— If X;(z) « X;(z) A Xi(z) isaruleof P thenX; «—
X; N Xy isaclauseof 0.

— If X;(x) «— X;(y) A First-Child(z, y) is arule of P
thenX; «— X; is a clauseof 0.
If X;(z) < X;(y) A Second-Childiz, y) is arule of
P thenX; — X7 is aclauseof V.

— If X;(z) «— X;(y) A First-Childly, z) is arule of P
thenX;} — X; is aclauseof 0.
If X;(z) <« X;(y) A Second-Chil@y, z) is arule of
P thenX? — X; is aclauseof .

Now for all ¢1,¢2 € Q andr € 27 welet ¥(qy, g2, 7) be
theformulain thevariables{ X1, ..., X} obtainedrom ¥
by replacingeachvariableX}, fori =1,2andl1 < j <,
by TRUE if X; € ¢; andby FALSE otherwise,and by re-
placingeachR € o by TRUE if R € T andby FALSE oth-
erwise. Thenwe let §(¢1, g2, 7) bethe setof all satisfying
assignmentsf U (¢, g2, 7). Herea satisfyingassignment
is identifiedwith the setof variablest setsTRUE.

For¢; € Q andr € 27 we defineaformula ¥ (q,, 7)
as ¥(q1,q2, ) above, just replacingall variablest by
FALSE. Thenwelet §(¢q1, 7) bethesetof all satisfyingas-
signment®f ¥(qy, 7). For T € 22 wedefined() similarly.

This completesthe definition of the automator®l. It
is not hardto prove that2l definesthe samequery asthe
programpP.

We now shov how to evaluate STA-queries, that is,
gueriesdefinedby STAs, first ontree-instanceandthenon
compressethstancesThe algorithmscombineideasfrom



[12] with the partial decompressiomethodsthat we also
useto evaluateXPathandmonadicdatalogqueries.

Proposition21. The evaluation problemfor STA-queries
on binary tree instancescan be solvedin time O(s? - n),

whete s is the numberof statesof the input automatorand
n the numberof verticesof theinputinstance

Remark 22. Note that storingthe transitionrelationof an
automatorwith s stategequiresspace2(s?) andO(s*). So
thefactors? in the runningtime of the previous algorithm
is notasbadasit looks. Indeed acloseranalysisshavsthat
therunningtime canbeimprovedto O(m - n), wherem is
thesizeof theencodingof theautomaton.

Theorem 23. The evaluation problemfor STA-querieson
binary instancescan be solvedin time O(25t31095 . p),
whete s is the numberof statesof the inputautomatorand
n thenumberof verticesof theinputinstance

Remark 24. It is nothardto seethedecisionversionof the
evaluationproblemfor STA-queriesis in polynomialtime,
becausdor agiveno-STA we caneasilydefineac U { X }-
treeautomator®l’ suchthatfor every o-treeinstancerl and
everyvertex t € VT we havet € 2(T) if andonly if 2’
acceptqT, {t}). Thelattercanbetestedn time O(s® - n),
becausen automatoracceptsa treeif andonly if thereis
anacceptingeachablestateat theroot.

Corollary 25. Theevaluationproblemfor MSO-querie®n
binary instancegarameterizedy the sizeof theinput for-
mulais fixed-paametertractable

Let IMSO be the set of MSO-formulasof the form
33Xy, ..., Xpe(Xy, ..., Xi) wherep is first-order

Theorem 26. The evaluation problem for IMSO-queries
on binary instancesis NEXPTIME-complete Evaluation
of MSOqueriescanbedonein EXPSRACE.

If we corvert a monadicdatalogprograminto an STA
in the way describedin Example20 and then use Theo-
rem23to evaluatethe query theresultingalgorithmis dou-
bly exponentialin the sizeof thedatalogprogramwhichis
muchworsethanthe directalgorithmswe saw before. We
shallnow introducea restrictedversionof our STA, which
is somavhatcloserto monadicdatalogandadmitsmoreef-
ficientqueryevaluation.

Definition 27. A weak selecting o-tree automaton (o-
WSHA) is a tuple & = (Q,%,F4,5,=<), where
(Q, %, F,0,5) isaoc-STA and= apartialorderon @ s.t.
— Fisdownwardclosedw.r.t. <.
— Sisupwardclosedw.r.t. <.
— Forall (g,a) e 2U(QXxX)U(Q x Q xX)andr, 1’ €
5(q, a) thereisanr” € §(q, a) suchthatr” < r,r’.

— ¢ is monotonewith respecto < in the sensethat for
all (7,0),(7,a) € Q@ x D) U(QxQx%),if g =< ¢
(componentwise}henfor every ' € §(7, a) thereis
anr € 6(g, a) suchthatr < r’.

Example 28. The automatonconstructedrom a monadic
datalogprogramin Example20 with set-inclusiorasa par

tial order on the statespace2{Xt:-X»} js a WSTA. To

seethis, just notethatthe setof satisfyingassignmentef

a propositionalHorn formula is closedunderintersection
andmonotonewith respecto the Booleanconstantsn the

formula.

Proposition29. For everySTAthereis a WSR thatdefines
thesamequery

Theorem 30. Theevaluationproblemfor WSTA-querieson
binary instancescan be solvedin time O(s® - n), whee s
is the numberof statesof the input automatonand n the
numberof verticesof theinputinstance

6.2. Unrankedtreeautomata. Eventhoughwe canavoid
unranledinstanceentirelyif we transformthemto binary
instancessdescribedn Sections, wethinkit is still worth-
while to briefly discussSTAs on unranked instances.We
have mentionedearlierthatwe run atreeautomatoron an
unrankedtreeby runningit onthecorrespondinginarytree
inducedby the First-Child andNext-Siblingrelation. Note
thatin this binary tree,the lastsiblingsare preciselythose
thatonly have one(first) child.

To distinguishthemclearly from the “binary” automata
consideredn the previous section,we call the automata
consideredhereunrankedtreeautomata Let usemphasise,
however, that the automatathemselesare the same,they
only runin adifferentway.

Once we have defined an appropriatenotion of run
and acceptancdor unranled tree automata,we can de-
fine unranked STAs and unranked WSTs  Then the ba-
sic resultsstatedfor binary automatain the previous sec-
tion have analogousversionsfor unranled automata. In
particular every MSO-query on unranled trees (viewed
aso U {Root Leaf Last-Sibling Fir st-Child, Next-Sibling}-
structures)s definableby an STA and vice versa. More-
over, monadicdatalogprogramsover unrankedtreescanbe
translatednto WSTAs whosestatespaceis the setof all
IDB predicates.

We only statethe unranled versionof the main result.
Theboundontherunningtime arewealer, whichis mainly
dueto thecompactepresentationf multiple edgesn com-
pressednstancegcf. Section2.2).

Theorem 31. Theevaluationproblemfor
(1) STA-queriescanbesolvedin time (235 + 2° - m).
(2) WSR-queriescanbesolvedin time O (23¢ + s - m).



Here s is the numberof statesof the input automatonand
m thesizeof theinputinstance
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APPENDIX

A. Proofsof Section3

Proofof Proposition5: It is easyto verify by inspectiorthat
thealgorithmof Figure6 indeedcomputes/»“(T) — T and
storesit in Q. Themainideais to usea queuecontaining
newly derived atomsinto which no atomis ever inserted
twice and which governsthe inferenceof further atoms.
Moreover, rulesr with severalIDB body atoms(i.e., those
of type4) areinstantiatedthatis, their variableis matched
andreplacedwith a node)immediatelywhena first appro-
priateatoma is reachedn the queuelV. The body atom
matchinga is alsoremovedfrom theinstantiatedrersionof

r, leadingto a rule with onebody atomless. (Notethatwe

assumehatrule bodiesare setsandthusthat thereare no

duplicateatomsin rule bodies.)

The initialization phase(before the start of the while
loop) is dominatedby theinitial valueassignmento W in
time O(|7»*(T) — T|) andto R in time O(|P|).

Thewhile-loopthatfollowsiteratesexactly | 7p* (T) —T]|
times (oncefor eachlDB groundatominferred). We as-
sumeappropriatadatastructureqge.g.anarrayof size|P|
|[VT| for ) that allow to do all datastructurelook-upsin
constantime. Thefirst for-loop runsin constantime, asit
may have atmostfour iterations.The secondor-loop (han-
dling rulesof type4) maytaketime O(|P|), thustheoverall
while loop canbeprocesseth time O(|P| « |7p“ (T) — T|).
Thetime boundof Propositions follows. O

A.1. Ad Proposition7.

To keep the following encoding simple, we do not
strictly adhereo TMNF syntax.However, all datalogrules
in this sectioncan be transformednto TMNF by folding
pairsof unaryatomsfrom longrulesinto separateules. For
instancearule P(y) «— Pi(z) A Py(z) A Ps(z). rewrites
into P(y) « P'(z) A Ps3(x). andP’(z) « Py(z) A Py(z).
Thisis notanadditionaltransformatiorthathasto be com-
posedwith the proof, but canbe applieda priori to our en-
coding.

Definition 32. Givena binaryaxisrelationy, anaxisis its
inverse denotedy 1, if (z,y) € x & (y,z) € x L.

For eachXPath axis, thereis alsoan XPath axis thatis
its inverse.For example,Self ! = Self Child~* = Parent,
andDescendant! = Ancestor

Proof of Proposition7 (Sketch): The encodingpresented
hereis closely basedon one presentedn [15]; however,
there, negation was encodedusing datalogwith stratified
negation,which we do notwantto usehere® Theideais to

SEven though extending monadic datalog with stratified negation
changeseitherthecompleity nor the expressienesof theformalism.

Input: programpP, tree-instancq'.
Output: setof groundatoms = 7“(T) — T.

Initializations:

/I waiting queuefor true groundatoms.

W :={P(v) | P(x) <« U(z).isin P,
U(v) istruew.r.t. T};

Q := W; Il results:setof groundatoms.

I rulesby predicate.
map R: predicate— setof rule-ids;
for eachIDB predicateP do
R[P] :={r | thebodyof r containsP};

/I half-finishedgroundrulesof type 4.
map Auz,: rule-id — setof groundatoms;
for eachruler € P of type4 do Auz4[r] := 0;

Main loop:
while (W notempty)do
begin
take agroundatom P (v) off W;

Il rulesof type2 and3
for eachrule P'(x) « P(xo) A B(zo, ).

in R[P], B(v,w) truew.r.t. T or

P'(z) < P(z0) A B(z, o).

in R[P], B(w,v) truew.r.t. T do
I whereB is eitherFir st-Child or Next-Sibling

begin
if (P’'(w) notyetin ) then
add P’ (w) to W andto ;
end;

Il rulesof type4
for eachruler = P"(x) «— P(x) A P'(x).
in R[P] do
begin
if (P(v) notin Auz4[r]) then
addP’(v) to Auzy[r];
/I whatis actuallywaiting now
/lis thegroundrule P”(v) «— P’(v).
else

Il P'(v) hasbeensatisfiedbeforeand
I/l P(v) is satisfiednow aswell - rulefires.

if (P”(v) notyetin Q) then
addP"(v) to W andto ;
end,
end;

Figure6. Modified Minoux algorithmfor TMNF.



Childp(z) < P(xzo) A First-Child(zg, x).
Childp(z) <« Childp(zo) A Next-Sibling zg, x).
Childp(z) « Rootz).
Childp(z) « P(xo) A First-Child(z, z).
Childp(z) <« Childp(z0) A Next-Siblingzo, z).
Parentp(z) «— AuxParentp(zg) A
First-Child(z, z¢).
Aux-Parentp () «— P(z).
Aux-Parentp(z) «— Aux-Parentp(xg) A
Next-Sibling z, zg).
Parentp(z) « Leaf(z).
Parent(z9) <« First-Child(zg, ) A
Aux-Parenty ().
Aux-Parentp(z) « P(z) A Last-Siblingx).
Aux-Parentp(z) « P(z) A Next-Siblingz, y) A

Aux-Parentp (y).

Figure7. Axis encodinggfor Child, Parent andtheir
complements).

pushdown negationto unarybuilt-in predicatesfor which
we, by thedefinitionsof Section3.4,have thecomplements
available. The slightly tricky partis the (binary) axisrela-
tions,whicharealsotheonly partof a CoreXPathqueryfor
which recursionis neededn our encoding.As in [15], for
eachaxis y, we cansetup a basicallyfixed templatepro-
gram(modulooccurrence®f IDB predicateP) defininga
predicatey p with theintuitive meaning

xp () — P(xo) A x(20, 7).

As TMNF with the given built-in relationsprovidesall the
machineryto checka given predicate P on eat of the
nodesof a region in the tree relevant to an axis, negated
axes’yp (denotingthe complementof the setof nodesto
which x p evaluatestanbeencodedaswell. We shav im-
plementation®f Childp, Parentp, Childp, andParentp in
Figure7 andanimplementatiorof Ancestop in the exam-
ple of Figure8 below.

First we provide the encodingfor positive Core XPath,
i.e. for Core XPath without negation. This is preciselyas
in [15]. Givena querym, we obtaina programcomputing
7 by startingwith the querypredicateSg [7] andincluding
rulesaccordingto the patternsshavn below until all IDB
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predicatediave beendefined.

Srlx:Plell(z) « xv(z) A P(z) AEle] ().
Srl/x::Plell(x) —  Xrool®) A P(x) A E[e](x).
Srr/x:Ple]l(z) < Xsppr(x) A P(z) AEE] ().

AUXSL[[P[BH](@ — P(x) AE[e]().
StDePlell(@) = Xamesy ppan(©)-
AUX-Sp[Ple]/r](z) « Sp[r](x) A P(x) AE[e] ().
Stlx:Plel/7l(#)  —  Xanesy (Pl (@)-
E[r](z) « Silr](=).
Eler andes](x) «—  Eler](z) A Ele2](x).

Eler orex](x) « Eer](x). Eer orex](x) «— Eer](x).

Note that asin the encodingof [15], query subexpres-
sionswithin braclets (i.e., conditions)are intuitively “re-
versed’(usingthe Sy, predicatesndthe axisinversesy—!)
to directall computationin the querytreetowardsthe “hot
point” thatselectsnodes.

Now for negation,insidebooleanconditionexpressions
(with “and”, “or” and“not” asoperationsandpathexpres-
sionsassumeadtomic),negationsarepusheddown asfaras
possibleusing De Morgan’s laws (which of coursedo not
leadto anincreasen formulasize). Then,we proceedas
above with theadditionalrule templates

Elnotm(x) — Slrl(a).
SIGPIElE) = Xpes, oo (@)-
Sob P/l ()

—
—
- X/Iulst [Ple]/x] ().
Rulesdefining predicatessuchas Aux-S, [ Ple] /=] canbe
easily obtainedby again applying De Morgan’s law, by
whichthenegationof arule

P(z) « Pi(x) A+ A Pp(x).

becomes

P(x) « Pi(x). P(x) « P,(z).

Evenif notobviousfrom thisrewriting-basedliscussion,
thistranslatiorcanbecarriedoutin lineartime andlogarith-
mic space Figure8 givesanexample. O

B. Proofsof Section4

In analogyto T,, (thesubtreeof T rootedby v), let T, denote
the complement(or ervelopg of T,, the tree obtainedby
removing all of T,, from T exceptfor v (which becomesa
leaf). Justlike T, T, is againatree-instance.

The following centrallemmanow statesa strongerver
sion of the factthat(a) in orderto decidewhetheranatom



Sr/child::A[not(descendant::B){x)

Roo{zg) A First-Child(zg, z).
Childgreofzo) A Next-Sibling xg, ).
Childreofz) A A(x) A E[not(descendant::Bjz).

E[not(descendant:: Bz
Sy [descendant::Rx

Ancestofx.s, [p](T

| I O O A O |

Sy [descendant::Rx).

ANCESTORuxs, (5] (¢)-

Leaf(x).

First-Child(z, y) A Aux-Ancestogy.s, [5](¥)-
ANCeStOk s, 5] (7) A AuX-SL[B](z) A Last-Siblingz).

)
)
ANCESORucs, 7))
)
)
)

(
Aux-Ancestogx.s, 5] (=
Aux-Ancestofy.s, 1] (x

Ancestoguy.s, [p](7) A AUXSL[B](z) A

Next-Siblingz, i) A Aux-Ancestoky.s, 157(¥)-

Aux-S..[B](z)

)

Figure8. Encodingfor CoreXPathquery/child::A[not(descendant::B)4 and B (and B) arepredicatesn the schemaand
Sr[/child::A[not(descendant::B)]is the goal predicate.

inside a subtreeT, can be derived with programP (i.e.
whetherthe atomis in 7p“(T)), all we needto know is
the structureof T, itself and the atomsthat are derivable
for nodev on T (i.e., theatomsof 75*(T)/,), and(b) the
corversefactwith T, andT, exchanged.

The 7p operatoris nondeterministicbut we may com-
posea particularrun 7 ¥ (X ) into anew deterministicoper
ator Op. We denotethis by Op := (7p")[X]. We assume
Op to choosahesamerulesandnodesasthe particularrun
of 7p* in the sameorder We extend the applicability of
Op to setsof groundatomsY C X by steppingover rules
that cannotfire becauseheir bodiesare not satisfiedin Y
without doinganything.

Lemma 33. LetP bea TMNF program, T a tree-instance
andOp := (7Tp")[T]. Then,

Op(M)/1, = O0p(T, UOP(T)/v)

and

OP(T)/T_H = OP(Tv U OP(T)/U)'

Proof of Lemma33 (Sletch): By inductionon the & steps
of the operator Therearetwo casesof rules. In the first
(which correspondso TMNF rule templateg(1) and (4)),
the body containsonly a singlevariable. Thus,therule ap-
plicationhasonly strictly localimpact,on asinglenode.In
thesecondcasgcorrespondingo TMNF rule templateg2)
and(3)), arule hasat mostone single binary atomanda
singlefurtherIDB atomin thebody (whichmaydependn
previouslyderivedfacts).Here,anew fact P(v) mayenable
the derivation of factson different nodes,but asanimme-
diateconsequenceynly factson nodesadjacentn T w.r.t.
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theFirst-Childor Next-Siblingrelationscanbeinferred.An

atom P(v) canonly contributeto the derivation of another
atom@Q(w), wherev andw arenot adjacenin T, if firsta
traceof new atomsis computedor eachof thenodesonthe
undirectedpathfrom v to w in T. Let v’ be a nodeon this
undirectedpathbetweenv andw, and P’ (v’) this witness
atomfollowing from P(v). Then,subsequenthjit sufiices
to know P’ (v") to infer Q(w); P(v) is notneeded. O

Proof of Lemma8: By inductiononthetree(bottom-up):

— (Inductionstart)Let vy bealeaf. T,, is atreewith only
a single node,so T,,, interpretedas a setof ground
atomsonly consistsof unary atomsover vy, andthe
sameis truefor Xo U T,,. fixp(vo, Xo, &k = 0) (k must
be 0 becausdahereare no children.) initially setsX
to Xo U T,, andtheniteratesX := 7p(X). Note
that since X at all times only containsunary atoms,
only rulesof typesl1 and4 canfire. Whenafixpoint is
reachedwhich mustbe reachedeventually), X/, is
returned.Thus,fixp(vg, Xo,0) = 7p“(Xo U Ty, ) /vo,
asclaimed.

(Inductionstep)Let v, beanon-leafnode.We rewrite
the pseudocodef Figure2 by replacingthe recursve
calls to fixp using the induction hypothesis. By our
inductionhypothesisthe pseudocode

X =XoU T/{U07'U1;---7vn};
while nofixpoint reachedlo
X = Tp(X) U
pr(Tvl U X/'Ul)/'Ul U---u
pr(Tvn U X/vn)/'unv
return X/,,;



obtainedmustequallycomputefixp(vg, Xo, k).

Clearly, the while-loop corvergesto a fixpoint, with
7Tp and setunionsmonotonicallyincreasingand the
setof groundatomsfinite.

By thefirst partof Lemma33, it is safeto decompose
the computationof 7p“(T,, U Xo)/., into thelocal
processingf the region of T consistingof vg andits
childrenv; ... v, andthe separat@rocessingf their
subtrees’,, ... T,, usingthefixpfunction.

It is essentiato obsene that X atall timesonly con-
sistsof the partof thetreestructurethatonly involves
nodesvg, v1,. . ., v, aswell asunary atomsover the
samenodes.Becausef the limited syntaxof TMNF,

rulesof types2 and3 involving binary predicatesan
only (andonly have to) unify with neighbouringhodes
in the tree — either parentsand their children or ad-
jacentsiblings. Therefore,all rules that can fire on

T,, involving vy andits childrenwill alreadyfire on

T/ vo,01,...,0, Diven that the iterative computationof

7p“(Ty, U X)/,, onthechildren(l < i < n) con-
tributesthe atomsover the child nodesy; thatcanbe
computedin the subtreesT,,,, possibly given atoms
overv; computedocallyon T/, v,.... v, -

Whenerer 7p(X) addsa new ground atom over a
child nodew; (i > 1) to X, Tp“(Ty, U X/4,)/u;
is re-computedmmediatelyafterwardsto make sure
that all consequencesver node v; from that atom
that may be due to inferencesin T,, are addedto
X. Therefore,the while-loop only terminateswhen
X =Tp%(Tu, U X0)/vo,01,...,0n- Ourclaimfollows.

Thus,Figure2 indeeddefinesthe function
ﬁXp(Uo, Xo, k‘) = pr(Tvo U XO)/vk

SinceTroot = T, 7 (T) /100t = fixp(root, (§, 0). Moreover,
by Lemma33, 7p“(T) /4y, = fixp(v, 7p*(T) /4, k) (where
vy, IS the k-th child of v). ]

Notethatdifferentlyfrom Figure2, the seconcargument
aswell asthe returnvaluein the implementationof Fig-
ure9is of type“setof predicatestatherthan“setof atoms”.
Moreover, we make therecursve callsto fizp moreintelli-
gently, thatis, only whennew atomshave beenderivedata
child nodeandthereis achanceof fizp inferring something
new.

Algorithm B.1 (Evaluationof monadicdatalag)

Input. A programP, aninstance, andanodev € I1(V')

(thatis, v is a nodeof T'(I) expressedas an edge-path).
Output Thesetof IDB predicatedor v thatcanbe derived

usingP onT'(I).

Method
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function fixp(nodew, setof predicated’, integerk > 0)
returns setof predicates
begin
Fy:=FU{P| P(z) «— U(z).inP,U holdsatv};
let n bethenumberof childrenof v;
for eachchild v; of v (1 < < n)do
F; = fixp(v;, 0, 0);

while nofixpoint of Fy reachedlo
begin
if P(z) « Py(z) A Pz(x).inP
andPl, P, € Fy then
Fo:=FyU {P},

if P(z) — Py(z0) A First-Child(zo, z). in P,
n > 1andP, € Fy then
F1 = ﬁXp(’Ul, F1 U {P}, 0),

if P(z) «— Py(xo) A First-Child(z, o). in P,
n > 1andP, € Fj then
Fo == Fy U{P};

if P(x) «— Py(xzo) A Next-Siblingzg, x). in P,
Py € F; and1 < i < nthen
Fiyq :=fixp(vig1, Fip1 U {P},0);

if P(x) « Py(xo) A Next-Siblingz, ). in P,
Py € F; andl < i < nthen
F;_q1:= ﬁXp(vifl, F,_1U {P}, O),
end,;
return Fy;
end.

Figure9. A moredetailedimplementatiorof fixp.

Letk; ...k, betheedge-pattdefiningv (m > 0);

w:i=root'; F:=fixp(w,?,0);, i:=1;
while i < m do
begin

F =fixp(w, F, k;).
w .= the k;-th child of w;
=141,

end;

OutputF'.

wherethe auxiliary function
fixp: V! x 2!PBP) » {0,1,2,3,...} — 2/PBP)
is givenin Figure9. |

Proofof Theoem9 (Sletch): Thespaceaequirementsf the
above-describedalgorithm are dominatedby thoseof the
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Figure10. Instancefor QSAT encoding(threevariables).

(a)

fixp function. This functionin turn only considerssery lo-
calizedregionsof theinstanceatary pointin time, namely
a nodew plusits children. It is recursve, and therefore
depth(T(1)) fixp activationrecordsmay have to bekepton
the stack. The total spacerequiredmay at mostamountto
thenumberof nodesof a pathfromtherootto a leafplusall
of their siblings(timesspaceto storea setof predicateof
sizeat most|IDB(P)|). Sucha fragmentof an instance
hasthe samesize no matter whethercompressedr not.
Thus, we obtainthe spaceboundindicatedin Theorem9.
Note that our algorithm proceedsn exactly the sameway
no matterwhethertheinstancds atreeor compressed. O

Proof of Theoem 10: PSRACE-membershigor TMNF is
assertedn Theorem9, and Core XPath inheritsthis upper
boundby Proposition7. We shav the PSRACE-hardness
of both languagesy providing a logspace-reductiofrom
QSAT to thedecisionproblemfor Core XPathqueryevalu-
ation.

Givena (closed)quantifiedbooleanformula

Qw1+ Q'nxn(fo

(where@,...,Qn, € {V,3} andyp is quantifierfree), the
instanceis asshowvn in Figure 10 for n = 3 variablesand
hasschemar = {0, 1}.

The query is /self:*[Q; child[---[Q, child[©]]---]],
where3d child[] rewrites into child::*[¢] andV child[«]
rewritesinto not(child::*[not()]). ¢’ is obtainedfrom the
booleanformula ¢ by substitutingA, Vv, and— by “and”,
“or”, and “not()", respectiely, and eachvariable z; by
parent::*f - - /[parent:;*/self::1,wherethe numberof appli-
cationsof the parentaxisis n — i.

It is not difficult to seethatthis is indeeda correcten-
codingof QSAT, i.e. the queryselectgheroot nodeif and
only if the QSAT formulais true.

For example the queryfor the QSAT formula

Vao1dwe(—z1 V 22) A (21 V —X2)
(whichistrue)is
[self:*[not(child::*[not(child::*[ ©T)])]
with

/
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(not(parent::*/self::1pr self::1)and
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(parent::*/self::1or not(self::1)).

Theinstancesenesasa compressedersionof aprooftree
for the QSAT formula, where a node label (either 0 for
“false”or 1 for “true”) atanodeat depthi + 1 in thetree
denotesa valuationof propositionalvariablez;. In our ex-
ample,which canalsobewritten asVz; 3x2 (21 < x2), the
gueryselectgherootnodebecausdoththeleft child of the
root nodelabeled0 andtheright child labeledl (Vx;) have
achild (3z2) with theirrespectielabel (z; < x5).

The NP-hardnessf positive Core XPath follows imme-
diately from the encodingof the previous proof, in which
we canstill encodeSAT (i.e., all quantifiersareexistential)
without negation.Negationinsidep canbe pusheddown to
thevariableusingDe Morgan'slaws, wherewe canrewrite
e.g.not(parent::*/self::1)asparent::*/self::0.For instance,
we canwrite ¢’ equivalentlyas

(parent::*/self::0or self::1)and(parent::*/self::1or self::0).

Membershipin NP follows from the following obsenra-
tion. Let @ beaqueryandv bethenodefor whichmember
shipin the queryresultis to be checled. If negationis not
presentin @, it canbe matchedn the instancel iff it can
be matchedon a small subtreeof T(I) containingv. This
“witness” treeis of polynomialsize: it is at mostasdeep
as| andis definedby a subsetof IT1(V') of cardinality at
mostthe numberof nodesof the querytreeof @ (basically
correspondingo the numberof operationsuchasaxis ap-
plicationsandnodetestsperformedn Q).

Indeed,no more than a subtreeof this size can matter
in the evaluationof sucha query The remainingpartsof
tree T(I) mustbe ignoredand “jumped over” by the axis
applications.

All we now needto do is guesssucha witnesstreeand
execute( onit (for whichwe have a polynomial-timealgo-
rithm [16]). |

Proof of Theoem11: We assumehe following datastruc-
ture for representinghodesof an instancel. For practi-
cal reasongnodesandthusatomstrue on themmay have
to be copied), we store inferred ground atomswith the
nodesratherthanin the setQ). Eachnodev € V' has
a set Preds(v) of booleanflags and a list children(v)
of refelencesto nodesfrom V' associatedwith it. By
children(v)[i], we accesshei-th child of nodew.

We make a numberof changego the algorithmof Fig-
ure 6. Oneis that we populatethe Preds(v) setsrather
than the setQ): In the initialization phase,for eachrule
P(z) « U(xz). of thefirstkind andeachnodev,

Preds(v) := {P | Uistrueonv}

In thewhile-loop,giventhatwe infer anew atom P(v), we
addpredicateP to Preds(v) ratherthan P(v) to Q. Thisis



now doneimmediatelywhenP(v) isinferredandputonthe
queuelV, ratherthanlater, whenit is takenoff W. (Thisis
necessarypecausalependingon the way P(v) is inferred,
v mayhaveto besplit into two nodes).

In the following, we say that two nodesv and w are
equivalentif Preds(v) = Preds(w) and children(v)
children(w). (Thatis, children(v) andchildren(w) have
the samenumberof elementsn and children(v)[i] and
children(w)[i] denotethe samenodes— ratherthan just
equivalentnodes-forall 1 < i <n.)

We definea functionmake(v, P) which

— copiesnodev to a new node’ (including the list
children(v)),

— addspredicateP to Preds(v’), and

— returnsv’ if no nodew equialentto v’ existsin the
instance(otherwisejt deletesy’ againandreturnsw).
Let u be the nodereturned. Then, “make” also puts
P(u) ontoW.

If acopy v’ is returnedthewv entriesin the datastruc-
ture Auz4 (to find thosein constantime, anadditional
datastructureis neededprecopiedaswell.

For rulesof types2 and3 in thefirst for-loop insidethe
while-loop,we distinguishfour cases.

caseP(x) «— Py(zo) A First-Child(zg, z). :
if Py € Preds(v) andv is notaleafthen
children()[1] := make(children{)[1], P);

caseP(z) « Py(zo) A First-Child(z, z). :
if Py € Preds(children@)[1]) then
{
Preds(v) := Preds(v) U {P};
addP(v) to W;
}

caseP(z) « Py(zo) A Next-Sibling zg, ). :
if Py € Preds(children@)[¢]) andi < |children(v)| then
children@)[i + 1] := make(childreng)[i + 1], P);

caseP(z) « Py(zo) A Next-Sibling z, z¢). :
if Py € Preds(children@)[i]) and: > 1 then
children@)[: — 1] := make(childreng)[: — 1], P);

Thesecondor-loop handlingrulesof type4 remainses-
sentiallyasin Figure®6.

Given appropriatedatastructuresas we have assumed
themearlier this modifiedalgorithmrunsin time O(|P]
[13]]), for the samereasonswvhy the algorithmof Figure 6
runsin time linearin the sizeof the outputtimesthe sizeof
theprogram.Notethatthe instancecanonly grow by split-
ting nodesandwill never shrink; however, sincewe always
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checkwhethera split is necessarypr whetheran existing
nodecanbere-usedtheinstancede-compresse® at most
thesize2!™PEP) « |||

One differencehappensw.r.t. rules of form P(z) «
Py(zo) N B(x,x0). In compressethstancestheremay be
severalpreviousnodesn B now; assumehatthey areavail-
ableasalist B~!(v), throughwhichwe caniterate.As each
stepaddsa new atomto W (andeachatomis only added
once) all iterationsof thefirst for-loopin total only account
for time O(7p“(T) — T).

Note thatin this simpleform, the algorithmmay leave
somenodesin the instancethat are unreachabldrom the
root, and which needto be garbage-collecteéh the end.
These“lost nodes”do not invalidate our claim aboutthe
runningtime O(|P| * ||J]|), asthey areaccountedor by the
factor|P]. O

C. Proofsof Section5

Proof of Proposition12: Let | beaninstanceandv € V'
with
() = Wit wye

wherews, ..., w, € V' suchthatw; # w;; for1 < i <
k. Thenwe have m; < mult(l) for1 < i < k. Letm =
¥ ki andh = [log(m)].

In thetransformatiorfrom T(1) to B(T(l)), vertex v and
its m childrenarereplacedby a subtreeS of heighth with
m leaves. We claimthatin the compressetinaryinstance
M(B(l)) = M(B(T(l))), this subtreeS is compressedb a
subinstanc&’ with O(k - log(mult(1))) vertices.

To prove this claim, we assumewithout loss of gen-
erality that m = 2". If this is not the case,we can
simply add a dummy vertex w1 and the let v(v)

wi' . owpt wﬁ:}m. ThenS is a completebinary tree of
heighth. Theith level of SandS' consistsof all vertices
whosedistancerom v (therootof S) is i.

We obsenethefollowing:

(1) Oneachlevel of Sthereareatmost2k — 1 bisimilarity
classe®f vertices(i.e.,atmost2k — 1 verticesthatare
pairwisenot bisimilar). Thuseachlevel of S' contains
atmost2k — 1 vertices.

(2) For0 < ¢ < h, thefirst £ levelsof S contain2‘*! — 1
verticesalltogether Thusthefirst £ levelsof S’ contain
atmost2¢+! — 1 vertices.

Now let £ = [log(k)]. ThenS' containsatmost
2 — 1)+ (h—0)(2k - 1)

(8k — 1) + (log(m) — log(k))(2k — 1)
(8k — 1) + log (%) (2k — 1)

IN



(8k — 1) + (log(mult(1))(2k — 1))
O(k - log(mult(1))).

This completeghe proof of theclaim.

Notingthat,givenv and~(v), it is easyto computeS' in
timelinearin thesizeof S/, thestatemenbf the proposition
follows. O

C.1. Ad Proposition 15.

Let B! be the transformatiornthat intuitively reverses
the translationfrom unranled into binary instancesand
identifieseach(non-auxiliary)nodeof B(T) with the node
of T thatit originatesfrom. We assumethat the schema
of B(T) containsa predicatel/ T thatselectghe nodescor-
respondingo the orginal nodesof T, but not the auxiliary
nodesintroducecdto obtainabinarytree.

Lemma 34. Let P be a TMNF program. Thenthere is a
TMNF program P’ such thatfor all tree-instance§,

Tp*(T) =B~ ({P(v) € Tg:(B(T)) | P € IDB(P)}).
P’ can be computedsimultaneouslyin logarithmic space
andlineartime

Proof of Lemma34: We have to translateall occurrences
of the predicategncodingthe treestructure(i.e., theunary
predicatesRoot and Last-Sibling and the binary predi-
catesFir st-ChildandNext-Sibling to obtainthe correctbe-
haviour over binaryinstances.

The Root predicateremainsthe sameon binary in-
stancesThebinary-instanceersionof Last-Sibling(called
Bin-Last-Siblingbelow) can be definedby the following
fixedprogram:

Auxo(z) «— VT(x).
Aux(z) «— Auxo(zo) A
Second-Chil¢iz, x).
Auxa(z) «—  Auxo(xo) A
Last-Siblindx).
Auxi(z) «—  Auxe(mo) A
First-Child(zg, x).
Auxg(z) — Aux(x) AVT(z).
Bin-Last-Siblindz) «— Auxi(z) AV (z).
Bin-Last-Siblindz) < Rootx).

The ideaof this encodingis to startat a parentnodeand
to find its last child by following the rightmostedge-path
down, moving to the secondchild whenerer oneexistsand
only otherwisemoving to thefirst child.

As all IDB predicateshave to be unaryandwe thuscan-
notdefineabinaryrelationasapredicatewe haveto rewrite
rulescontainingbinarypredicatesTherearefour caseswe
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discusstwo (the “forward” casequsing TMNF rulesof the
seconckind); theremainingtwo canbe encodedsimilarly.
Considettherule

P(z) < Py(zo) A First-Child(zo, z).

In thebinaryversionwe essentiallyhave to saythatz is the
first First-Childdescendenobf =, suchthat V() holds.
Therefore we replacethis rule by the following. Note that
for everyrule we haveto introduceanew predicateAux-F.

Aux-Py(z) <« Po(zg) A First-Child(zo, x).
Aux-Py(z) «— Aux-Py(zo) A VT(z0) A
First-Child(z, x).
P(z) « Aux-Py(z) AVT(z).

Accordingly, we proceedor arule
P(z) « Po(xo) A Next-Sibling zg, z).

wherewe essentiallycheckif zq is aLast-Sibling andif so,
we move to its parentif thatparentis notin V. Oncewe
have found a non-ast-Siblingnode,we go to its next sib-
ling, andfrom therefollow the First-Child pathdown. We
selectthe first nodein VT we encounter In particulag we
replacetheabove rule by thefollowing programfragment:

Aux;-Po(xz) «— Po(xo)-
Auxe-FPo(xz) <« Aux-Po(z) A Last-Siblindz).
Auxg-Po(r) «— Auxe-Po(xo) A First-Child(z, z).
Auxz-FPo(x) <«  Auxe-Po(zo) A Second-Chilél, zo).
Aux;-Py(z) «— Auxs-Po(z) AVT(z).
Auxg-FPo(z) «—  Aux-Po(zo) A First-Child(z, zg).
Auxs-FPo(xz) «—  Auxe-Po(zo) A Second-Child, x).
Auxs-Py(z) «— Auxs-Po(zo) A VT (x0) A
First-Child(zo, x).
P(z) « Auxs-Po(z) AV (2).

It is easyto seethat this transformationrcanbe donein
logarithmicspaceandlineartime. |

Proof of Proposition15: For TMNF, theresultfollows im-
mediatelyfrom Lemma34, which makesan even stronger
statemenfnamelythatthe translationcorrectlyencodesll
IDB predicate®f P, notjustasinglequerypredicate).

For MSO, we candirectly take the encodingof a binary
predicateB in TMNF anddefinea new binaryrelationyp
in MSO with two free variables. In orderto do that, we
simply take the program?P,. encodingrule r:

P(z) < Py(zo) A B(zo,x).

andinterpret— and A asimplicationandlogical conjunc-
tionin MSO.Let X := IDB(P,) and



Up(X):= /\{V:f :r |1 € PpyB,P>s
Z consistof thevariablesin r}

Now,
ep(r,y) =VX((x € hATE(X)) - y€P).

Given the TMNF program 7Ppastsibing €ncoding
Last-Sibling through the IDB predicate P, we proceed
as above to obtain the FO-formula ¥iast-sibing  Let
X := IDB(PLast-sibling - We define

PLast-siblindT) = VX (VL ast-sibind X) — = € P).

By replacingall occurrencesf First-Child, Next-Sibling
and Last-Siblingusing the unary and binary relationsde-
fined in this way, we obtain the desiredtranslatedMSO
query O

C.2. Experimental Resultson Binary Instances. To as-
sesgthe meritsof our framework for binary structureswe

have extendedthe XML compressionmoduleof the XPath
gueryenginediscussedn [6] to createbinary structuresn

theway discussedn Section5. We have run this compres-
soron a numberof standarctorpora(see[6]). Thebench-
markresultscanbe foundin Figure11. Thistableis inter

pretedasfollows.

— The first (left-most) column provides the nameand
sizeof the corpus.

— The secondcolumnstateshe numberof nodesin the
XML tree. (Subtractone to obtain the number of
edges.)

— The third andfourth columnsprovide the numberof
nodesandedgesn theinstancecompressedsingjust
bisimilarity, respectiely.

For eachcorpus,we presenin two rows

— in the upperrow, the size of the compressedh-
stancewhen XML nodetagswereignored(i.e.,
only the baretreestructureis compressedyith-
outary labelinginformation)and

— in the lower row, the size of the compressedh-
stancewith all XML nodetagsinserted.

— Columnsb and6 reportthe sizeof theinstancgnodes
andedgesrespectiely) compressedsingedgemulti-
plicities.

— Finally, columns7 and8 statethe size of theinstance
(nodesandedgesrespectiely) compressedsabinary
instance.
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Our experienceswith the prototypeimplementationof
[6] arethatin orderto achieve goodqueryperformancavith
unrankedinstancesin thedatastructuresve comeup with,
theamountof memoryrequiredfor anodeis approximately
the sameasfor an edge. Thus, to estimatethe size of an
unranledinstance pnebestaddsup the nodeandthe edge
countof theinstance.

We obsene that binary instancescompresguite well;
the compressiorseemgo comparethe morefavorably the
larger the corporaget. Togetherwith the fact that binary
instancescan be representednore efficiently in memory
(the datastructuresrequiredto represennodesand edges
have onedegreeof freedomlessthanunranledinstances-
eachnodeonly needstwo fixed-sizepointersto children,
ratherthan an associatedhdjaceng list), binary instances
seemto be aninterestingalternatve to unranledinstances
compressedsingmultiple edges.

D. Proofsof Section6

Proof of Theoem 18: For the forward direction (i.e., that
for everyunaryMSO querythereexistsanequialentSTA),
we usethewell known factthata classof binarytreesis de-
finablein MSO if andonly if it is recognisableéby a tree
automaton(9, 28]. It impliesthatfor every MSO-formula
¥(X) of vocalulary o U {First-Child Second-Chilgl for
someschemas thereis a binary ¢ U { X }-treeautomaton
2, suchthatfor all binary o-tree instancesl' and for all
subsetd/ C VT we have

(T,U) Ev(X) < Ay acceptgT,U).

Here (T, U) denotesthe expansionof T to theo U {X }-
instancen which X is interpretedby U. Now let ¢(x) be
an MSO-formulawith one free variablez. Let ¢(X) =
Va(o(z) — Xz). Then

e(M) = NU CVT|(T,U) | %(X)}.
Suppose,, = (Q, 271X} F §). Let A be the selecting

o-treeautomator(@ x {0,1},27, F x {0,1},4¢",Q x {1}),
whered’ is definedby

5'(((11,61), (q2,€2),a) =
(6(q1,42.0) x {0}) U (3(q1, 02,0 U {X}) x {1})
forall ¢g1,q2 € Q, e1,e2 € {0,1}, a € 27 (similarly for
d(a) andé’(q,a)). Thenacceptingrunsof 20 onatreeT

correspondo acceptingruns of 2, on expansions(T,U)
of T. Therefore,

AT) = [{U S VT | Ay acceptyT,U)} = o(T).

For the corversedirection,let2 = (Q, 27, F. 6, S) bea
o-STA with @ = {q1,...,qx}. A runp of 2 onabinary



bisimilarity only edgemultiplicities binaryinstances | insert
VT VMO MO MO [ EMT v [EMT] | tags?

SwissProt | 10,903,569, 83,427 1,731,391| 83,427 792,620| 352,185 683,153| -
(457.4MB) 85,712 1,751,930/ 85,712 1,100,648| 371,650 721,429 +
DBLP 2,611,932 321 272,573 321 171,820| 72,020 143,951| -
(103.6MB) 4,481  379,524| 4,481  222,755| 114,000 227,470| +
TreeBank 2,447,728| 323,256 909,875| 323,256 853,242| 504,759 966,591 -—
(55.8MB) 475,366 1,315,645| 475,366 1,301,690| 783,177 1,505,197| +
OMIM 206,454 962 25,173 962 11,921 8,430 16,744 —
(28.3MB) 975 25,173 975 14,416 8,549 16,949 +
XMark 190,488| 3,642 28,901 3,642 11,837 9,292 17,238 -
(9.6 MB) 6,692 39,180 6,692 27,438| 15,080 27,329 +
Shalespeare 179,691 1,121 40,855 1,121 29,006| 15,806 31,381 -
(7.9MB) 1,534 48,385 1,534 31,910 18,022 35,688 +
Baseball 28,307 26 665 26 76 104 199 | -
(671.9KB) 83 1,378 83 727 469 834 | +
TPC-D 11,765 15 357 15 161 196 378 | -
(287.9KB) 53 361 53 261 303 507 | +

Figurell. Degreeof compressiomf benchmarkdcorpora(tagsignored:” —"; all tagsincluded:“+").

o-treeinstancel canbedescribedy atuple (U, ..., Uy) Jqo € readn(tz), q € sucdt) : q € 6(q1, g2, 2(t))}-

of subsetof VT, wherev € U; if p(v) = ¢;. It is easy
to definea first-orderformula ¢ (X1, ..., Xj) sayingthat

(X1, ..., X)) describesmanacceptingun. Then
o) =VX1.. VX ((X1,..., Xp) =/ Xiz)
Qiés
O

defineshe samequeryasl.

Proof of Corollary 19: Theorem18 implies thatthe nega-
tion of a query definedby an STA can also be defined
by an STA. Let 8 = (Q,2°,F,4,S) be an STA defin-
ing the negation of the query definedby 2. Let A’
(Q,27,F,6,Q\ S). It is easyto seethat?l’ hasthedesired
property O

Proof of Proposition21: Let A = (Q,27,F,4,S) bean
STA andT abinaryo-treeinstance.

Foreveryt € VT, let read(t) bethesetof all statesy
suchthatthereis arun p of 2l on T with p(t) = ¢. The
statesn reat arecalledthereatablestatesatt. Clearly,
the mappingread : V' — 29 canbe computedin time
O(s? - n) in abottom-uppassof thetree.

Foreveryt € V7, let sucdt) be the setof all statesy
suchthatthereis anacceptingrun p of 2t on T with p(t) =
g. The statesin succare calledthe successfubtatesat ¢.
Obsenethat

sucdroot') = read(root’) N F,

andthatfor asiblingst,,, € VT with parentt € VT,
sucdti) = {q1 € read(t1) |
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succt,) canbe obtainedanalogously Similarly, sucdt;)
can be obtainedfrom sucdt) for an only-child ¢;. Using
this, it is easyto seethat givenread, the mappingsucc:
VT — 2@ canbecomputedn time O(s® - n) in atop-dovn
passof thetree.

Theverticesin 2(T) arepreciselythet € VT for which
sucgt) C S. O

Proof of Theoem23: We proceedasontreeinstancesin a

first bottomup passwve computethe setsof reachablestates
atall vertices,andin a secondtop-davn passwe compute
the successfuktates.The problemis thata reachablestate
g € read(v) may be successfubn somepathfrom v to

theroot andnot successfubn someotherpath. If this hap-
pens,we have to createa copy v’ of vertex v andputq into

sucdv’), but notinto sucqv) (or vice versa).In the worst
casewe haveto createacopy of everyvertex for every sub-
setof the statespacewhich explainswhy the runningtime

is exponentialin s.

Let usmalke this precise.Let2l = (Q,2°, F, 4, S) bea
o-STA andl abinaryc-instance.Let T = T(I) bethetree
instancebisimilarto . Recallthat : V' — 2V maps
eachvertex v € V' to thesetof verticesof T it corresponds
to.

Foreveryt € VT wedefinethereachabletategead(t)
andsuccessfustatesucdt) at¢ asin the proof of Proposi-
tion 21. Sinceread(t) only dependn the subtreebelon
t,forallv € V! ¢,¢' € TI(v) wehavereat(t) = reach(t’).
Letread(v) = read(t). Obsenrethatthemappingread :



V! — 2¢ canbecomputedn O(s® - n) in abottom-uppass
of theinstancd. (Compressiomoesnot matterhere.)

However, theremaybev € V', ¢,¢ € TI(v) suchthat
sucdt) # sucdt’). Forv € V! welet

S(v) = {sucdt) | t € II(v)}.

In thetop-dowvn passovertheinstancd we computea nen
instancel andmappingsf : V? — V! andsucc: VY — 2°
suchthat:

(1) Jisbisimilarto|,

(2) Forallw € V? wehavew ~ f(w) andthusIl(w) =
LI(f (w))-

(3) Forall w € VY andt € II(w) we have sucdt)
sucqw).

(4) Foreveryv € V' andevery X € S(t) thereexists
exactly onevertex w € V7 suchthat f(w) = v and
sucqw) = X.

We startby creatinga vertex root’ andlet sucdroot’) =
readi(root ) N F and f(root’) = root'.

Now supposehatw is avertex of w thatwe havealready
createdandletv = f(w), andX = sucqw). Furthermore,
supposdhatv haschildrenv; anv, andthatwe have not
yetcreatedary childrenof w. Let

X1 ={q e read(v1) | Ig» € read(v2),q € X :
q € 6(q1,¢2, X(v))}-

Thenfor all ¢ € TI(w) with childrent; andt; wehave X; =
sucdt;). To seethis, note that readh(¢;) read(vy),
read(tz) = read(vz), sucqt) = X, andrecall the cor
respondinglaimin the proof of Proposition21.

If therealreadyis avertex w; € V? suchthat f(w;) =
vy andsucdw,) = X;, we make w, thefirst child of w.
Otherwisewe createa new vertex wy, let f(w;) = v; and
sucqw;) = X1, andmake w; the first child of w. The
seconcthild of w is createdanalogouslylf thevertex v =
f(w) only hasonechild, we proceedsimilarly.

With anappropriatadictionarydatastructurethatstores,
for eachvertex v € V7, thesetof all pairsw with f(w) = v
andallows, given X, to find the w with sucdw) = X (if
it exists)in time O(s), the childrenof a vertex of w canbe
createdn time O(s3). Sincel hasatmost2¢-n verticesthe
overallrunningtime to computel andsuccis O(s®-2°-n)
0(25+3Iog s . n).

The outputof the algorithmis J togetherwith the setof
all verticesv € V7 with sucqv) C S. m

Proof of Theoem 26 (Sketch):  For the upperboundsre-
call thatthe tree-instancd (1) hassize < 2'V'|. To decide
whether)y = 3X p(X) holds,we guess: setsA; andcheck
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whetherT(1) = ¢(A). This canbe donein the straighfor
wardwayin time O(|[T(D)||ll*!l) = o(2llell-1V']),

In caseof full MSO, we usethe standard®SRACE algo-
rithm on T(l) [29], which, in total, yields EXPSACE as
upperbound.

For the hardnessassumethat M is a fixed nondeter
mistic Turing machinewith an NEXPTIME-completeac-
ceptanceproblem (such a machineexists). We assume
that M hasalphabetA = {aq,...,q;} andworks on in-
putw € A™ in time on" _ 1, for somek > 1. Let
Q = {q,-..,qn} bethe statespaceof M. Thencon-
figurationsarewordsv € A*QA™ of Iength2”'c meaning
thatif v; € @ thenM isin stateq = v; andcurrentlyread-
ing theith cell of its (input/work) tape(or equivalently, M
readsv;.1).

Frominputw € A™ for M we constructa binary in-
stancd with |V'| = O(n*) andan IMSO-formulay with
llo|| = n®*) suchthat M acceptsw iff T(1) |= . Letl be
the structurefrom Figure 10 with pathsof length2 - n* + 1
andlet T denoteits treeversionT(l). NoteherethatT has
exactly 22" = 27" . 2n" |eaves.

Recallthat elementsof T are edge-paths.We call ev-
erynodet € T, wheret is a n*-lengthedge-patha base
Thkereare 27" basesandeachsubtreerootedat a basehas
2"" leaves. Leavesandbasesare eachtotally orderedby
thelexicographicorderingof therespectire edge-path¢the
first digit is the mostsignificantone). For corveniencewe
denoteboth of themby <. For0 < i < 2" — 1, by t(1)
we denotethei-th baseof V7. Analogouslylet¢*(i) bethe
i-th leave of the subtreerootedatbases € V.

There is an FO-formula ¢ (z,y) with |[¢(z,y)]]
O(n?F) suchthatT |= (¢, ') iff ¢’ is the direct succes-
sorof ¢ (w.r.t. <). For that,we simply guesswo pathsfrom
therootto ¢t andt’ andcheck,if theedge-pathinking them
aredirectsuccessorsAnalogouslywe candefineaformula
U(x1,y1,x2,y2) Sayingthatz,, zo arebasesy; andy, are
in T,,, T, resp. andthe pathfrom x5 to y; is the direct
successoof the pathfrom z; to yo (w.r.t. <).

RecallthatTy, for as € VT, denoteshe subtreeof T
rootedat s. We encodea configurationv € A*QA™ (of
size2"") relativeto bases asthe (m + [)-tuple C C V1
suchthatthefollowing conditionshold:

(1) if t € C, for somei, thent is aleaf
(2) ifv; e Qthent®(i) e C, iffv; =q,, (v =1,...,m)

(3) if v; € Athent®(i) € Cy iffv; = ap—pm, v =m +
1,...,m—+1)

From now on we do not distinguishexplicitly between
configurationsand their encodings. It is straightforward
to defineFO-formulaspsa,+ (X, 2) andp,..(X, x), which
hold, if = is a baseand X relative to z is the start config-
urationor a acceptingconfiguration,respectiely. Thein-



tentionbehindthesedefinitionis to guessatupleC overthe

leavesof T andto check whethertheconfigurationselative

tothebasesn T form anacceptingun. Hereit is crucialto

obsenethaty(x1, y1, 22, y2) allows usto identify consec-
utive positions(ys, y2) in two differentconfigurationgrel-

ativeto z1, x2).

Next, we definep,..¢(X, =, ), which essentiallysays
that = and y are basesand direct <-successorsand that
X relatve to = and X relative to y are configurations.
We let denotetheseconfigurationsby C, and C,. Now
¢next (X, z,y) saysthat C, “equals” C,, or thatwe can
pasdrom C;, to Cy, in asinglestep.In particular thismeans
thattherearei < n*, v < m suchthatt®(i) € X, i.e. in
configurationC,, we have the situationthat M is stateq,
andreadslettera; (j suchthatt*(i + 1) € X,,4;). Since,
using, we areableto directly adresssuccessorsf ¢* (i)
andt¥ (i), it is easyto deviseaformulay’ (X, z, y) saying
that the neighborhoodsroundt* (i) andt¥(¢) conformto
thetransitionrelationof M.

The soughtformulanow looksasfollows. Let

Y = HX (Sostart (X, 0) A (pacc(X7 1)/\
vbasese,y (¢(2,y) = ¢neat (X, 2,9))),

wherewe use0 and1 to denotethefirst andlastbasew.r.t.
<, respectiely. It is easyto seethatp behaesasit is sup-
posedto. More precisely it statesthatthereis a sequence
v1, ..., Uy« Of configurationsuchthatv,, v,,x is astart-
ing, acceptingconfiguration,respectrely. Furthermorejt
stateghatfor eachi < 2 eitherv,;,, is equalto v; or a
directsuccessoof v; (herew.r.t. thetransitionrelationde-
finedby M). Togetheythis meansthat M oninputw has
anacceptingun.

Thesizeof ¢ is boundedy n°*), causedy thesubfor
mulasneededo identify <-successoref leavesandbases.
The remaining subformulassolely dependon the (fixed)
machineM . O

Proof of Proposition29: This follows from thefactthatev-
ery MSO-queryis definableby a monadicdatalogprogram
[14], Theoreml8, andthe previousexample. O

Notethatif 2l = (Q, 3, F, 4,5, <) isaoc-WSTA andT
a binary o-treeinstance then < inducesa partial orderon
therunsof 20 on T, which we alsodenoteby <, andwhich
is definedby p < o' if p(t) < p/(t) forallt € VT.

Lemma35. Let? = (Q, %, F, 6, S, <) beac-WSTA. Then
for everybinary o-treeinstanceT thereis a uniqgueminimal
run pmin of 24 on T with respecto theorder < ontheruns.
Moreover, if 2 acceptsT thenpnin IS an acceptingrun,
and
A(T) ={t e VT | pmin(t) € S}

Proof: In a straightforward bottom-upfashionwe cancon-
structfor any two runsp, p’ of 2 on T arun p” suchthat
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o' = p,p’. Sincethereareonly finitely mary runs, this
impliesthe existenceof auniqueminimal run.

If thereis someacceptingrun p, thenall runsp’ < p
arealsoacceptingpecauséd is downwardclosed.Thusin
particular pmin is accepting.A(T) = {t € VT | pmin(t) €
S} follows from the factthat .S is upward closedw.r.t. <,
whichimpliesthatfor runsp < o/, everyvertex selectedy
p is alsoselectedy p'. O

Proof of Theoem 30 (Sketch): We essentiallyproceed
asin the proof of Theorem23 using Lemma 35 to re-

strict attentionto successtatesnsteadof successets.Let

A = (Q,%,F,6,5 <) beaoc-WSTA and| a binary o-

instance. Let T = T(l) be the treeinstancebisimilar to

|. Fort € VT definereach(t) and succ(t) asbefore. Fur-

thermorejet succ’(t) betheminimal stateof succ(t) (w.r.t.

<) andlet S’(v) = {succ'(¢t) | t € I(v)}. We proceed
asin the caseof generalSTAs, but computeminimal states
insteadof setsof states.By the previouslemmathis is suf-

ficientto determinghe soughtresult.

Again we start with a bottom-up pass computing
reac(t) for all ¢ € VT. Here note that reach(t)
reach(t') for all t, ¢’ € TI(v) for anarbitraryv € V'. Then
we go top-davn and graduallycomputea new instancel
andmappingsf : V7 — V' andsucc’ : VY — Q thatsat-
isfy the conditions(1) to (4) with succ andS replacedby
succ’ andS’, respectiely. Notethat,sinceF is downward
closedp(t) := succ’(v) fort € II(v) isthesoughtminimal
acceptingunp of 2lonT.

We startby creatingavertex root’ andlet succ’(root’) =
reach(root) N F and f(root) = root'.

If w is a vertex of V7 that has alreadybeencreated,
let v = f(w) andgq = succ’(w). Supposethat v has
childrenvy, v andlet X1 = {q1 € reach(v1) | Jq2 €
reach(ve) s.t.q € 6(q1, g2, X(v)}. Let ¢, betheminimum
of X;.

Now we checkif thereis aw; € V7 with f(wi) = v
andsucc’ (w1) = ¢1. If so,we make w; thefirst child of w.
Otherwisewe createanew w, in J anddefinef(wy) = vy,
succ’ (wy) = ¢ andmake this w, thefirst child of w.

Now we seethatfor all t € TI(w) with childrenty, t; we
have g1 = succ’(t1). This shavs thatthe procedureyields
the intendedresult. Thenwe proceedanalogouslyfor the
seconcchild vs.

Butin contrasto thegenerakasenow we createatmost
s new verticedor onevertexin |, henceve haveatmosts-n
verticesin /7.

An ad-hocimplementatioryieldsan s* factor This can
be improved asfollows: at eachnodev € V' with chil-
drenvy, vy we computethe setspre; (v, q) = {q1 | Ig2 €
reach(v2),q € 8(q1,q2,%X(v))}. Note that this set coin-
cideswith X, computedfor ¢ succ’ (w) as defined
above.



Analogously we computethe setsprez (v, ¢). Notethat,
usingsuitabledatastructuresthis canbe donein a single
loop over all tuples(q1,¢2,%(v),q) € 4, hencerequires
O(s?) stepsfor eachv € V'. Thenwe simply look up
thesetablesto determinethe valuessucc’(t) (we find the
minimumin O(s) steps).

Togetherthis givesthe O(s® - n) time bound. O

Proof of Theoem 31 (Sletch): Basically we proceedas
in the binary case. Whencomputingthe reachablendsuc-
cessfulstatesijt is corvenientto associatehemwith edges
of the instanceinsteadof vertices. For example,read(e)

for anedgee = (v, w) representthesetreac(Il(w)). The
reasonwe have to do this is that verticesmay play differ-

ent roles as children of different parents— they may be
thefirst child of some,but not for all parents.If we trans-
fer the algorithmsin a straightforward way, we obtainrun-

ning timesof O(253°9¢ . | E|) for STAs andO(s® - | E|)

for WSTAs, where| E| is the numberof edgesof theinput
instance. However, dueto the compactrepresentatiorof

multiple edgesthe sizeof the inputinstancemay be much
smallerthan|E|.

Let2( beanSTA andl aninstance Consideranodeu, of
the input instancel which hasoutgoingedgeses, ..., en.
Supposeey, . .., eq for somel < p < ¢ < n, have the
sameendpointy, ande,_; (if p > 1) andegy1 have an
endpointdistinct from v. Thenin the adjaceng list of w,
edgese,, ..., e, arerepresenteasa singleedgee of mul-
tiplicity » = (¢ — p + 1). Let w bethefirst child of v and
f the edgefrom v to w. Let z be the endpointof e, 1,
i.e.,thenext sibling of v. Supposéahatduringthecomputa-
tion of thereachablestatesve have alreadycomputedr =
read(f) and R’ = read(eq+1). To computeread(e),
we not only have to simulateone stepof the computation
of the automatorl, but actuallya sequencef r stepsto
computeR; = readi(e,), R2 = readi(eq—1),..., Ry =
readh(e,) = read(e). Thecrucialobsenationis thatsince
thereareonly 2° distinctsubset®f thestatespacethereare
i < j < 2% suchthat R; = R;. Of coursethisimplies
thatfor all £ > ¢ we have R, = R, for

¢ = ((k—1di)ymod(j — 1)) + 1.

Thusoncewe havefoundi andj, we canstopthesimulation
andcomputeR,. by simplearithmetic.

Insteadbf runningthissimulationeverytimeit isneeded,
we canpre-computea tablethat containsfor all subsetsk
andR’, thevaluesi andj andthesetsRy,..., R;. Sucha
tablecanbe computedn time 23¢, Of coursethetablethen
simplifiesthe computatiorof the mappinggead andsucg
becausessentiallywe aredealingwith a deterministicau-
tomatonnow. |
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