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Abstract

This paperstudiesthe problemof evaluatingunary (or node-
selecting)queries on unranked trees compressedin a natural
structure-preservingway, by thesharingof commonsubtrees.The
motivationto studyunary querieson unranked treescomesfrom
thedatabasefield,where queryingXML documents,which canbe
consideredasunranked labelledtrees,is an importanttask.

We give algorithmsand complexity resultsfor the evaluation
of XPath andmonadicdatalog queries.Furthermore, wepropose
a new automatatheoretic formalismfor queryingtreesand give
algorithmsfor evaluatingqueriesdefinedbysuch automata.

1. Intr oduction

Semi-structureddata,best-known in the syntaxof XML,
have causeda significant paradigmshift in the field of
databasesystems,and have also beenone of the central
researchtopics in databasetheory over the last five years
(see[1] and [24] for surveys). While classicalrelational
databasescanbe describedasrelationalstructures,XML-
documentsarebestmodelledby unrankedtrees.Thispaper
studiestheproblemof evaluatingunary(or node-selecting)
queriesonunrankedtreescompressedin anaturalstructure-
preservingway, by thesharingof commonsubtrees. Node-
selectingqueriesare not only of interestas basicqueries
in their own right, but arealsoanimportantbuilding block
for morecomplex queries.In particular, thenode-selecting
path query languageXPath is at the core of several ma-
jor XML-related technologies,suchasXML Query, XML
Schema,andXSLT, the principal query language,schema
definitionformalism,andstylesheetlanguagefor XML, re-
spectively. Thus,theefficient processingof XPath queries
(andthestudyof node-selectingXML queriesin general)is
paramountto theoverall successof all thesetechnologies.

The compressionof XML-trees into directed acyclic
graphsby the sharingof subtreeshasrecentlybeenpro-
posedby Buneman,GroheandKoch[6]. It canbeseenas
adirectgeneralisationof thecompressionof Booleanfunc-
�
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tionsinto OBDDs(cf. [5]) usedsosuccessfullyin symbolic
model checking[7, 8]. The approachbearsthe promise
of advancingthe stateof the art of XML query process-
ing at two fronts. First, compressionallows to keeplarger
documenttreesin main memory(wherethey canbe effi-
ciently evaluated)andpermitsa substantialspeedupby of-
ten avoiding the needto useslow secondarystoragewhen
treesarelargeandotherwisecannotbekept in mainmem-
ory asa whole. Second,evaluatingquerieson compressed
treesin practicesavestime by avoiding redundantcompu-
tations. In [6], it wasimplementedfor a large fragmentof
XPath(Core XPath, which wasintroducedin [16]) andex-
tensively benchmarked on practicalXML documentssev-
eral hundredsof Megabyteslarge and consistingof trees
comprisingtensof millions of nodes.Thecompressionra-
tiosobtainedwereverypromising,andtheactualefficiency
of queryprocessingobtainedwasastonishing.

Themainobjectiveof thispaperis to createasolid theo-
retical foundationfor theapproach.Theproblemof evalu-
atingCoreXPathqueriesoncompressedinstanceshasbeen
shown to befixed-parametertractablein [6]. More specif-
ically, the problemhasbeenshown to be solvable in time�����
	����	����

, where
�

denotesthesizeof thequeryand
�

the
sizeof thecompressedinstance.Complementingthisresult,
herewe prove that theproblemis PSPACE-complete.Fur-
thermore,weshow thattheproblemof evaluatingqueriesof
thepositive CoreXPATH fragment(i.e., without negation)
is NP-complete.Let usremarkthattheproblemof evaluat-
ing CoreXPathquerieson uncompressedtreesis known to
bein polynomialtime (actually, PTIME-complete[17]).

Even though undoubtedlyvery important in practice,
from a theoreticalperspective XPath seemsto be a very
ad-hoclanguagethat leavesa lot to be desired. Monadic
second-order logic (MSO) on trees,on the other hand, is
well-known to havebeautifultheoreticalproperties.In par-
ticular, it haswell-balancedexpressive power in that it is
expressiveenoughfor mostpurposes,but on theotherhand
still hasgoodalgorithmicpropertiesdueto its connection
with tree automata. Indeed,MSO hasbeenproposedas
a “benchmark”for the expressive power of node-selecting
XML querylanguages[25]. Nevertheless,MSOitself is not
suitableasa practicalquerylanguagebecauseit allows to
expressvery complex queriesvery concisely, which makes
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the query evaluationproblemintractableeven on uncom-
pressedtrees(cf. [27, 13]). But thereare nice languages
which have the sameexpressive power as MSO on trees,
but admitmuchmoreefficientqueryevaluation.Themodal� -calculusmay be seenasan exampleof sucha language
(at leaston rankedtrees).In thecontext of queryingXML,
the mostpromisingsuchlanguageis monadicdatalog. It
hasthe sameexpressive power asMSO, but admitsquery
evaluationin time linearin boththesizeof thedatalogpro-
gramandthesizeof thetree[14].

We study the evaluationproblemfor monadicdatalog
querieson compressedinstances. We show that, as for
the strictly weaker Core XPath, the problemis PSPACE-
complete. Of coursethe PSPACE-hardnesswas to be ex-
pected,but thecontainmentof theproblemin PSPACEmay
be viewed asmildly surprising. We thenshow that, again
as for XPath, thereis an algorithmsolving the evaluation
problemfor monadicdatalogon compressedinstancesin
time

�����  	����
, where

�
denotesthesizeof thedatalogpro-

gramand
�

thesizeof thecompressedinstance.
Next, slightly digressingfrom themainfocusof this pa-

per, we discusstheconnectionbetweencompressedbinary
andunrankedtrees.EventhoughXML-documentsarenat-
urally representedasunrankedtrees,we believe thatit may
be worthwhile to convert them into binary treesfirst and
then only work with compressedbinary trees. We show
how suchaconversioncanbecarriedoutwithoutpayingtoo
high a price for it andobserve that in certainsituationsthe
compressedbinary instancesmaybeexponentiallysmaller
thanthecompressedunrankedinstancesthey represent.An
additionaladvantagethis mayhave in practiceis thatnodes
of binary instancescan be storedin a fixed size memory
segment,whereasnodesof unranked instancesmay have
adjacency lists of unboundedlength,which tendto leadto
high memoryfragmentation.Experimentalevidencesug-
geststhattheconversionto binaryinstancesis worthwile in
practiceandmay leadto morememory-andtime-efficient
XML queryengines.

Returningto thequeryevaluationproblem,analternative
approachto queryingtreescanbebasedon tree-automata.

Right from thebeginning,automata-theoreticideashave
playeda centralrole in XML-related research.Automata
theoryhasbeenusedfor evaluatingpathandpatternqueries
[4, 25, 26, 14], asa basisfor XML schemalanguages[20,
23], for definingXML transducers[21], andfor XML data
streamprocessing[18]; See[24] for a survey of automata-
theoreticwork relatedto XML.

Most importantin our context arequeryautomata, pro-
posedby Neven and Schwentick[26] to describenode-
selectingquerieson unranked trees. We suggesta simi-
lar automatamodel that we call selectingtree automaton
(STA). STAs have thesamequeryingpower andsimilar al-
gorithmicpropertiesasqueryautomata,but wefeel they are
muchcleanerandsimpler. Even thoughour main interest

hereis in queryingcompressedinstances,STA arerelevant
in the uncompressedsettingaswell. We show that STA-
querieson compressedinstancescanbe evaluatedin time����������	��

, where  is the sizeof the automatonand
�

the
sizeof thecompressedinstance.Unfortunately, this seems
to betoo inefficient for practicalpurposes,becausewe usu-
ally cannotexpectour automatato besosmall thata factor
in the running time that is exponentialin  is acceptable.
For example, translatinga monadicdatalogprograminto
an equivalentSTA causesan exponentialblow-up in size.
Therefore,we alsoconsidera restrictedmodelof weakse-
lectingtreeautomata, which hasbetteralgorithmicproper-
tiescomparableto thoseof monadicdatalog.

The structureof this paperbasically follows the order
of contributionsgivenabove. Dueto spacelimitations,the
proofsof ourresultswerebeyondthescopeof thisextended
abstractandwill bepresentedin thelong versionof thepa-
per. For theconvenienceof thereviewers,they areprovided
in anappendix.

2. CompressedTrees

In this section,we review the framework of queryingtrees
compressedby subtreesharingthathasbeenintroducedin
[6]. We emphasisethecentralrole of thefamiliar notionof
bisimilarity in this framework.

2.1. Instancesand Bisimilarity . A schemais afinite setof
unaryrelationnames.Let !#"%$�&('*),+-+,+-),&/.10 bea schema.
An instanceof schema! , or ! -instance, is a tuple

I " 2 I )43 I ) rootI )-& I' )-+,+-+,),& I. )
where 2 I is the(finite) setof vertices,3 I 5 2 I 6 � 2 I ��7 is
a function whosegraphis acyclic andhasa uniquevertex
of in-degree0 from which all otherverticesarereachable,
rootI is this vertex of in-degree0, and & I' ),+,+-+8),& I. aresub-
setsof 2 I.

Herethegraphof 3 is thedirectedgraphwith vertex set
2 I andan edgefrom 9 to : if : occursin 3 � 9 � . We call
this graphthe DAG of I. Occasionallywe denoteits edge

relationby ; I. For vertices<
)�9>=?2 we write <A@6 9 if
thereis an

�CBED
andvertices9F'*)-+,+,+-)�9�. suchthat 3 � < � "

9 ' +,+-+�9 . and9G"#9 @ . Intuitively, if <H@6 9 then9 is the
D
-th

child of < and < is the parent of 9 . An instanceis
�
-ary,

for some
�IBKJ

, if every vertex hasat most
�

children. If
the instanceI is clearfrom the context, we often omit the
superscriptI.

A treeinstanceis aninstancewhoseDAGis atree.Tree-
instancesareour modelof XML-documents.Theunaryre-
lations representedby the schemaare usedto encodethe
relevantinformationcarriedby theverticesof anXML-tree.
This maybetheXML-tag of a vertex, but alsoinformation
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encodedin the alphanumericaldataat the vertex. Indeed,
the latter is of crucial importancebecausenode-selecting
querieswill usually accessthe alphanumericaldata. The
implementationof Core XPath in [6] admitsqueryingal-
phanumericaldatathroughso-calledstringconstraints.

A bisimilarity relation betweentwo ! -instancesI and
J is a binary relation LIMN2 I O 2 J suchthat for all 9P=
2 I )4:Q=R2 J with 9SLT: wehave

– for all
D

and9VUW=#2 I, if 9X@6 9VU thenthereexists :YUW=
2 J suchthat :A@6 :YU and9VUZLT:[U ,

– for all
D

and :YU\=]2 J, if : @6 :YU then thereexists
9�U�=^2 I suchthat 9_@6 9VU and9VUZLT:[U , and

– for all &T=R! : 9S=^& I `ba :Q=^& J .

If thereis somebisimilarity relation L betweenI andJ such
that 9cLX: , we call the vertices 9 and : bisimilar (we
write 9Qde: or

�
I )49 � d �

J )4: � ). The instancesI and J
arebisimilar (wewrite I d J) if rootI d rootJ.

If I is aninstanceand L a bisimilarity relationon I (that
is, betweenI andI), thenI f�g is theinstanceobtainedfrom
I by identifying all vertices9h)�: with 9iL]: . We define
a partial order j on the classof all ! -instancesby letting
I j J if thereis a bisimilarity relation L on J suchthatI is
isomorphicto J f g . More precisely, j is a partialorderon
thesetof all isomorphismclassesof instances.But noharm
isdoneby blurringthisdistinctionhereandin thefollowing.

Lemma 1 ([6]). Let I be a ! -instanceand let k � I � be the
classof all instancesbisimilar to I. Then k � I � )-j is a
lattice. Its maximalelementT

�
I
�

is the only tree instance
in k � I � . TheminimalelementM

�
I
�

is alsocharacterisedby
the fact that it containsthe leastnumberof verticesof all
instancesin k � I � .

It will be necessarylater to have a canonicaldefinition
of T

�
I
�
, andnot just a characterisationup to isomorphism.

If 9h)�9VU areverticesin aninstanceI, andthereareintermedi-

atevertices9F'8)-+,+-+,)�9�.mlZ' suchthat 9 @�n6 9F'h+-+,+�9�.mlZ' @po6 9�U ,
we say that the integer sequence

D '1+-+,+ D . is an edge-path
between9 and9VU . For eachvertex 9q=r2 we define

s � 9 � "t$�uPvVu is anedge-pathfrom root to 9w0�)
and for a set &eMx2 we let

s � & � " y{z{| s � 9 � . Note
that the verticesof T

�
I
�

are in one-to-onecorrespondence
with theelementsof

s � 2 � . Thuswe candefineour canon-
ical representationof T

�
I
�

to have vertex set
s � 2 � (andall

relationsdefinedin the obvious way). Also note that for
bisimilar instancesI d J andvertices9I=}2 I )�:c=~2 J we
have 9SdT: if andonly if

s � 9 � " s � : � .
2.2. Representationsand Size. Our machinemodel is a
standardRAM modelwith additionandsubtractionasarith-
meticoperations.Weuseauniformcostmeasure.While for

someof thetheoreticalconsiderationsof this papera loga-
rithmic costmeasurewould be nicer (cf. Remark13), we
think thatfor thepracticalanalysisof our algorithmsa uni-
form measureis mostappropriate.After all, amainmotiva-
tion for this researchis to givemainmemoryalgorithmsfor
queryingXML-documents,andthisbasicallymeansthatin
ouralgorithmsweneverhaveto handlenumbersthatdonot
fit into asinglememoryword.

We representinstancesin a straightforward way based
on anadjacency list representationof theunderlyingDAG.
Thereis oneimportanttwist: Instancesmay containmul-
tiple edges,and insteadof storing themall separately, we
just useoneadjacency list entrywhich containsan integer
representingthemultiplicity to representconsecutiveedges
from a vertex to a child. Sincetheorderof thechildrenof
a vertex is important,we canonly do this for consecutive
edgesto thesamechild (seeFigure1). In practice,thiscon-
cise representationof multiple edgesis extremely impor-
tant,becauseXML-treestendto beverybroadandshallow,
andthereforetheir compressedversionstendto have many
multiple edges.We denotethesizeof therepresentationof
aninstanceI by v�v I v�v . Notethatwehave v�2 I v�� ��� v�v I v�v � and
v�v I v�vW� ��� v�2 I v � � . Moreover, we have v�v I v�v
� ��� v�; I v � , but
our conciserepresentationof multiple edgesand the uni-
form costmodelimply thatwe cannotbound v�; I v in terms
of v�v I v�v . If we let mult

�
I
�

be themaximumnumberof con-
secutive multiple edges,that is, the maximumnumberof
edgesrepresentedby a singleadjacency list entry, we have
v�; I v�� ��� v�v I v�v 	 mult

�
I
���

.

4 1
2

1

Figure1.

Thefollowing earlierresultrefersto thecomputationof
compressedinstancesevenwith edgemultiplicities:

Theorem2 ([6]). There is an algorithm that, givenan in-
stanceI, computesthe minimalbisimilar instanceM

�
I
�

in
time

��� v�v I v�v � .

3. Queriesand Query Languages

3.1. Queries. Sincewe think of an instanceI asbeing
a compressedrepresentationof the tree instanceT

�
I
�
, we

definethe semanticsof querieswith respectto the treein-
stances.Our notion of query is basedon the useof this
term in finite modeltheory: A (unary) query � of schema
! associateswith every treeinstanceT of schema! a sub-
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set � � T � M�2 T in sucha way that for every isomorphism� from a tree-instanceT to a tree instanceTU we have� � � � T ��� "�� � TU � . Note that theterm“query” usuallyhas
a differentmeaningin the theoryof semi-structureddata;
therea query is a mappingfrom tree instancesto tree in-
stances(see[1]). Whatwe call unaryqueryhereis usually
calledpatternin this framework.

We want to evaluatequerieson compressedinstances,
preferablywithout fully decompressingthem.Theproblem
is that we cannotalwaysrepresentthe resultof a queryin
the instancewe are given: While every subset� M�2 I

canonicallycorrespondsto the subset
s � � � M�2 T � I� "s � 2 I � , unlessI " T

�
I
�

it is not thecasethat for every set� Mi2 T � I� thereis a set��Mi2 I suchthat
� " s � � � . So

to representtheanswerof a querywe mayhave to partially
decompressthe instance. The following definition makes
thisprecise:

Definition 3. Theevaluationproblemfor aquerylanguage�
on aclass� of instancesis thefollowing problem:

Input: InstanceI =^� andquery �i= � .
Problem: ReturnaninstanceJ anda subset ���M

2 J suchthat I andJ arebisimilar and
� � T � I ��� " s � �� � .

If � is not explicitly mentioned,it is understoodto be
theclassof all instances.

Our complexity-theoreticresultsonly refer to the deci-
sionversionof theevaluationproblem:

Input: InstanceI =E� , vertex 9�=E2 T � I� , and
query �?= � .

Problem: Decideif 9S=^� � T � I ��� .
In thisdefinition,wesupplyanodeof theuncompressed

tree-versionof theinstanceI with theinput, sincenodesof
I do not necessarilyexist in � � I � but may have beensplit
up. Clearly, a goodway to formulateglobal propertiesof
instancesasdecisionproblemsis to checkquerieson the
rootnode,since

s �
rootI

� ">$ root� � I� 0 for all instances.

3.2. Complexity. We assumethat the readeris familiar
with the standardcomplexity classessuchasPTIME, NP,
andPSPACE. It is convenientto phrasesomeof our results
in theterminologyof fixed-parametertractability(see[10],
or [19] for a short introductioninto the notionsmostrele-
vanthere).Actually, weonly needonedefinition: Theeval-
uationproblemfor

�
on � is fixedparametertractableif

thereis a computablefunction � , a constant� , andanalgo-
rithm solvingtheproblemin time � ���/�Z	��(� , where

�
is the

sizeof theinput instanceand
�

thesizeof theinput query.

3.3. Logic and relational structur es. We assumethat
the readeris familiar with relationalstructures,first-order

logic FO, andmonadicsecond-orderlogic MSO (see,for
example,[11]). In thelogicalcontext, wedescribe! -treein-
stancesasrelationalstructureswhosevocabularyconsistsof
all unaryrelationsymbolsin theschema! and,in addition,
the unary relation symbolsRoot, Leaf, Last-Sibling, and
the binary relation symbolsFirst-Child and Next-Sibling,
all with the naturalmeanings(cf. [14]). We occasionally
call Root, Leaf, Last-Sibling, First-Child, andNext-Sibling
the built-in predicates. We useT to denoteboth the tree
instanceandtherelationalstructurerepresentingit.

If T is a tree instanceand � ���
� an MSO-formulawith
onefreevariable,thenwe let � � T � bethesetof all vertices
9}=C2 T suchthat T satisfies� ���
� if

�
is interpretedby 9 .

We call T �6 � � T � thequerydefinedby � .

3.4. Monadic datalog. We assumethat the readeris fa-
miliar with datalog,whichmaybeviewedaslogic program-
mingwithoutfunctionsymbols(cf. [2]). A datalogprogram
is monadicif all its IDB predicates(thatis, intensionalpred-
icatesthatappearin rule headssomewherein theprogram)
areunary. We interpretmonadicdatalogprogramsovertree
instances.A monadicdatalogprogramof schema! may
useasEDB predicates(thatis,extensionalpredicateswhich
aredeterminedby the structurethe programis interpreted
over) the built-in predicatesRoot, Leaf, Last-Sibling, the
binary relation symbolsFirst-Child and Next-Sibling, the
predicatesin ! , anda predicate& for every &%=i! which
is interpretedasthecomplementof & . Eachprogram� has
adistinguishedgoal (IDB) predicate. Thequerydefinedby
� mapsa tree instanceT to the setof all vertices9 such
that � derivesover T that 9 is in the goal predicate.Two
programsareequivalentif they definethesamequery.

Thepopularfixpoint semanticsof (monadic)datalogcan
be definedby meansof a small-stepmonotonic immedi-
ate consequenceoperator ��� . Givena setof ground(i.e.,
variable-free)atoms� , � � choosesa rule of � (with head
predicateu ) and a node 9 such that � satisfiesthe rule
body anda new groundatom u � 9 � canbe inferred(then,
� � � � � "~���G$�u � 9 � 0 ). We write the

�
-timesiteratedap-

plicationof ��� as ���  andthefixpoint ���� K"E���¡ £¢ ' as
� ��¤ . In this context, we may consideran instanceT asa
setof unaryandbinarygroundatomsandevaluate� on T
as��� ¤ � T � .

We only usemonadicdatalogprogramswith a restricted
syntaxdescribednext. In aTMNFprogram(“Tree-marking
NormalForm”), eachrule is an instanceof oneof thefour
rule templates(with “types” 1 to 4)

u ���
�¦¥ §b���
� + (1)

u ���
�¦¥ uF¨ ��� ¨ �h©qªb��� ¨�) �
� + (2)

u ��� ¨ �«¥ u ¨ ���
�Z©¬ª��� ¨ ) �
� + (3)

u ���
�¦¥ u
' ���
�Z© u �
���
� + (4)

where u
)-u ¨ ),u ' )-u � areIDB predicatesand
§ ) ª areEDB

predicates.
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Proposition4 ([14]). Every monadic datalog program
(overtrees)canbetranslatedinto anequivalentTMNFpro-
gramin linear time.

Thus, in the following, we only dealwith programsin
TMNF. All worst-caseboundsfor TMNF queryevaluation
translateimmediatelyto theevaluationof monadicdatalog.
Note that monadicdatalogcapturesMSO over trees[14]
andcanbeevaluatedin time

��� v�v T v�v¯®(v �°v � whenT is atree-
instance[14]. The following new resultis basedon a lazy
rule-instantiationversionof an algorithmby Minoux [22]
(seeAppendixA for a proof andthealgorithm):

Proposition5. A TMNF program � can be evaluatedon
tree-instanceT in time

��� v T v²±~v �°v�®³v � ��¤ � T �h´ T v � .
Note that by definition, � �¡¤ � T � containsT asa setof

groundatoms.

3.5. Core XPath. XPath usesthirteenbinary relations–
calledaxes– for navigatingin trees[30]. We only needto
introducefive of themin this paper, Self(the identity rela-
tion on 2 ), Child (the intuitive child relation;Child

� 9h)�: �
if f : is a child of 9 ), Parent (its inverse),Descendant(the
transitive closureof Child), andAncestor(its inverse). In
thefollowing definitionof a fragmentof XPath,weassume
all 13 axesto be supported,even if only a few have been
introducedhere(for a completeformal definition of Core
XPathsee[16]).

Definition 6. LetT bea tree-instance. Wedefinethesyntax
of CoreXPathby theEBNF

corexpath: locationpath v ‘/’ locationpath
locationpath: locationstep(’/’ locationstep)*
locationstep: µ ‘::’ u¶v¡µ ‘::’ u ‘[’ pred‘]’
pred: pred‘and’ pred v pred‘or’ pred

v ‘not(’ pred‘)’ v corexpath v ‘(’ pred‘)’

“corexpath” is the start production, µ standsfor an axis,
and u for a “node test”, that is, a unaryrelationfrom ! or
“*”, meaning“any node” 2 T.

Thesemanticsof Core XPath querieson tree-instances
T is definedby two functions· and ¸ :

· 5 k � corexpath
� 6 ��¹ T º ¹ T

·[» » µ :: u�»�¼�½�½ ½ := $¿¾ � )�ÀZÁWvÂµ T ��� )4À �w© ÀÃ= � uEÄ�¸¡» »�¼�½ ½ � 0
·[» »�f � ½ ½ := 2 T O $ � v/¾ rootT ) � ÁW=°·[» » � ½ ½�0

·[» » � ',f � � ½ ½ := $¿¾ � ),Å�Á
v�ÆÂÀ 5 ¾ � )4ÀZÁW=Ç·È» » � '�½ ½ ©
¾�Àw),Å�ÁÉ=¬·[» » � � ½ ½�0

¸ 5 k � pred
� 6 � ¹ T

¸�» »�¼ ' and ¼ � ½ ½ := ¸¡» »�¼ ' ½ ½FÄÊ¸�» »�¼ � ½ ½¸�» »�¼{' or ¼ � ½ ½ := ¸¡» »�¼�'4½ ½F�Ê¸�» »�¼ � ½ ½

¸�» » not
� ¼ � ½ ½ := 2 T ´ ¸¡» »�¼�½ ½
¸�» » � ½ ½ := $ � ¨ v�Æ � 5 ¾ � ¨ ) � Á
=°·È» » � ½ ½Ë0

Query � resultsin theset $�Àqv�Æ � 5 ¾ � )�ÀZÁ
=¬·[» »��Ì½ ½�0 .
CoreXPathis a strict fragmentof XPath[30], bothsyn-

tacticallyandsemantically. Moreover,

Proposition7. EveryCore XPath querycan be translated
into an equivalentTMNF programin linear timeandloga-
rithmic space.

A mappingfrom Core XPath to monadicdatalogwith
stratifiednegationwasgivenin [15]; we strengthenthis re-
sult to (negation-free)TMNF in AppendixA.1. Noteagain
that we assumein Proposition7 that CoreXPath supports
all XPathaxes.

A naturalrestrictionon CoreXPath is to excludenega-
tion. We call the languageobtainedpositiveCore XPath.
This fragmentis alsointerestingaswhile bothmonadicdat-
alogandCoreXPathareP-completew.r.t. combinedcom-
plexity on tree-instances,positiveCoreXPathis LOGCFL-
completeandthuseffectively parallelizable[17].

4. Complexity and Evaluation of Monadic Datalog

In thissection,westudythecomplexity of queryevaluation
for TMNF andCoreXPathoncompressedinstances1. Edge
multiplicities,asintroducedbefore,mayleadto somediffi-
culty; weassumesuchmultiplicitiesnot to bepresentin the
instancesof this section.Sincethey canhave practicalim-
pacton thecompressionrate(cf. [6]), we referto Section5
whereamappingof unrankedtreeswith edgemultiplicities
to binarytreesis described.

Beforewearriveatourmaincomplexity results,wepro-
vide a polynomial-spacealgorithmthatcomputesthepred-
icatesderivablefor a givennode,compressedinstance,and
TMNF program.

Let T bea tree-instanceand 9T=�2 T a node.Moreover,
let Ty denotethe subtreeof T rootedby 9 . T y is againan
instance.Let � be a setof groundatomsand 2 a setof
nodes.Then,by �Gf ¹ we denote$�u � 9 � =q��v²9Ã=T2(),u%=Í�Î\Ï � � � 0 , �Gf y is shortfor �Gf�Ð y{Ñ , andweabbreviate�Gf ¹ T

as�Gf T.

Lemma 8. Let T bea tree-instance, 9 ¨ =E2 T a nodewith�TB�Ò
children9F'1+-+,+49�. , �Ç¨ a setof groundIDB atomsover

node9 ¨ , and
Ò � � � � an integer. Then,thepseudocode

of Figure2 definesthefunction

fixp
� 9²¨�)��Ç¨¿) �/� "T� � ¤ � T y�Ó ���\¨ � f y-Ô

which satisfiesthetwoequations

� ��¤ � T � f root " fixp
�
root)-Õ²) Ò1�

1Notethatall proofsof thissectionweremovedto AppendixB.

5



function fixp(9²¨ : node,
� ¨ : setof groundIDB atomsover 9 ¨ ,�

: integer
B}Ò

)
/* let 9²¨ have

�TBt�
children9F'h+,+-+�9�. */

returnssetof groundIDB atomsover 9 
begin

� := � ¨ � T f�Ð y�Ó{Ö y n ÖØ×Ø×Ø× Ö y o Ñ ;while no fixpoint reacheddo
� := � � � � � �

fixp
� 9 ' )4�Ãf y n )

ÒF� � 	,	-	 � fixp
� 9 . )4�Ãf y o )

ÒF��Ù
return �Gf yÂÔ ;

end.

Figure2. Thefunctionfixp.

��� ¤ � T � f y Ô " fixp
� 91)���� ¤ � T � f y ) �/� +

This provides us with an algorithm to compute
� ��¤ � T � f y for an arbitrary 9 given its edge-path

s � 9 � "� ' 	-	,	,�   . It simply startsfrom fixp
�
root)-Õ�) ÒF� and itera-

tively calls thefixp function for eachof thesegments
�
@ ofs � 9 � , alwaysusingtheresultof thepreviouscall asthesec-

ondand
�
@ asthe third argument.Note thatmoredetailed

sketchesof thisalgorithmandthefixp functionareprovided
in AppendixB.

Theorem9. Givena TMNFprogram � , an instanceI, and
a node9Ã= T

�
I
�
, theset $²u � 9 � =q� � ¤ � T � I ��� 0 canbecom-

putedin space
��� v�v I v�v¿®³v ÚhÛ ª� � � v � .

EvaluatingCoreXPath(andthusTMNF) oncompressed
instancesis alsoPSPACE-complete:

Theorem10. The evaluation problem for both monadic
datalog and Core XPath over compressedinstancesis
PSPACE-complete. Positive Core XPath over compressed
instancesis NP-complete.

Finally, we look at the problemof finding a practical
(time-efficient) algorithmthat evaluatesa TMNF program
� on a compressedinstance,i.e.,which producesa bisimi-
lar instanceto thenodesof whichthefixpoint of � hasbeen
attached(employing partialde-compression).

Analogouslyto Definition3 (but now, adatalogprogram
selectsseveral setsof nodes,onefor eachIDB predicate),
we assumethat the evaluationproblemfor program� on
instanceI is to find a bisimilar instanceJ over schema!Ç�Í�Î\Ï � � � suchthat T

�
J
� "���� ¤ � T � I ��� (wherewe slightly

abusenotation).

Theorem11. Let � bea TMNFprogramandI aninstance.
Then,an instanceJ s.t. T

�
J
� "�� � ¤ � T � I ��� and v�2 J vÜ��FÝØÞàßwá(� � ��Ý ®³v�2 I v canbecomputedin time

��� v �°v²®³v�v J v�v � .
This resultis basedon a variationof Minoux’ algorithm

[22] (for evaluatingpropositionallogic programs)in which

welazily – only whenneeded– computepropositionalrules
(by instantiatingthe rulesof � usingthe instanceI). The
simplesyntaxof TMNF greatlyfacilitatesthis lazyground-
ing of theprogram.(SeeAppendixB.)

5. Binary Structur es

The conciserepresentationof multiple consecutive edges
(just storingoneedgetogetherwith a multiplicity) causes
a numberof problems. One way to get aroundtheseis
to transformarbitrary instancesinto binary instancesfirst
andthenonly to work with thesebinary instances.In a bi-
nary instancewe canstoreall edgesexplicitly, so thereis
noneedfor themultiplicities. For eachinstanceI wedefine
a binary instanceB

�
I
�

asfollows: We first replacea vertex
with

D
childrenby analmostcompletebinarytreeof height�
â log � @ �àã , asindicatedin Figure3. ThebinaryinstanceB

�
I
�

hasanadditionalunaryrelationthatcontainsall verticesof
theoriginal instanceI. All otherunaryrelationsof I canbe
directly transferredto B

�
I
�
.

Figure3.

We omit a formal definition of B
�
I
�
. The following

propositionis crucial. Its proof is straightforward;Figure4
illustrateswhy therewill be a blow-up in sizelogarithmic
in themaximumedgemultiplicity.

7

Figure4.

Proposition12. There is an algorithm that, given an in-
stanceI, computesa binary instanceB equivalentto B

�
I
�

in time
� v�v I v�v 	 log

�
mult

�
I
���

.

Remark 13. Notethatif weusedalogarithmiccostmodel,
then the logarithmic factor in Proposition 12 could be
avoided,becausestoring ä parallel edgeswould then re-
quirespaceandtime å � log

� ä ��� .
While thebinary instancecomputedby thealgorithmin

Proposition12 may be larger by a factor of log
�
mult

�
I
���

thantheoriginal instance,it is notclearthatit will belarger
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in practice.Indeed,afterbeingminimisedit maybeexpo-
nentiallysmallerthantheoriginal instance,evenif thatwas
alsominimal. Thefollowing exampleillustratesthis.

Example14. Let !Q"æ$�u
)-��0 . For ç BèJ
, let Ié be the

following instance:I has3 verticesê²)�ë1),ì . ê is theroot and
ëF),ì are leaves. 3 is definedby 3 � ê � " � ë1ì � �-í , 3 � ë � "
3 � ì � "�Õ . Furthermoreu�"�$*ë10 and �K"�$²ì�0 . The right
handsideof Figure5 shows Iî .

r

p q

r

p q
p q

r

Figure5. TheinstanceIî of Example14, thebinary
instanceB

�
Iî � , andits minimisationM

�
B
�
Iî ��� .

It is easyto seethat Ié is minimal and that v�v Ié v�vS=����� é � . However, as Figure 5 illustrates,the minimal in-
stanceM

�
B
�
I é ��� bisimilar to thebinary instanceB

�
I é � has

size
��� ç � .

Translatingqueriesin TMNF or MSO into queriesover
thecorrespondingbinaryinstancesis easy, soit maybewell
worthworking with binaryinstancesonly.

Proposition15. Let I be an instanceand � a query in
TMNF or MSO. Then,a query �ÌU in the samelanguage
can be computedin logarithmic spaceand linear time s.t.
� � I � ">��U � B � I ��� .

Core XPath is not expressive enoughto accommodate
suchatranslation(consider, for example,thequery/descen-
dant::A/child::B),but thisis notaproblemasbetranslateall
CoreXPathqueriesinto TMNF in our framework anyway.

We have carriedout a numberof experimentson XML
corpora,comparingthecompressionachievedusingourno-
tion of binary instanceswith instancescompressedusing
multiple edges.For spacereasons,we hadto move our re-
port of theseexperiments,which will beshown in the long
versionof this paper, to AppendixC.2.

It is convenient to representbinary instancesas rela-
tional structuresin a slightly different way than arbitrary
instances.We representthe edgesof the DAG by two bi-
nary relationsFirst-Child and Second-Child, representing
thefirst-childandsecond-childrelation.

In thefollowing, we will give versionsof our resultsfor
bothunrankedinstanceswith edgemultiplicitiesandbinary
instances.

6. Yet Another Query Automaton

The ideaof queryingXML-documentsby tree-automatais
not new (e.g.,[26, 18]). Somecareneedsto be taken,be-
causein thiscontext wearefacingtwo problemsusuallynot
consideredin classicallanguagetheory: Treeinstancesare
not necessarilybinary, but may be unranked, and queries
selectsubsetsof a treeanddo not just acceptor reject. Of
courseboth of theseproblemscaneasilybe resolved (and
have beenresolved in variousways, seee.g. [3, 12, 26]).
We handleunranked treessimply by viewing themasbi-
nary treesunderthe First-Child andNext-Sibling relation.
Our way of handlingunary queriesis similar to the way
proposedby NevenandSchwentick[26] in their queryau-
tomata: certainstatesareselectingstatesthatselectthever-
ticesin theanswerof thequery. However, beyondthis su-
perficial similarity the two queryingmechanismsarequite
different.

A non-deterministic(bottom-up)treeautomatonis a tu-
ple ï�" � �Ê)Âð�)-ñ
),ò � , where � is thestatespace, ð is the
alphabet, ñiMC� is thesetof acceptingstates, and

ò 5 ð^� � � O ð � � � � O � O ð � 6 ��ó

the transitionfunction. Treeautomatawork on binarytrees
in theusualway. Notethatthetransitionfunctionis defined
in sucha way that it accommodatesleaves,nodeswith one
child, andnodeswith two children.However, if a nodehas
only onechild, thereis no way to distinguishbetweenthis
child beinga left or right child.

A ! -treeautomatonis anondeterministictree-automaton
ïô" � �Ê)õð�),ñ
)-ò � with ðe" ��ö , that is, a tree-automaton
that runs on tree instancesof schema! . If T is a ! -tree
instanceand ÷�=_2 T, we often write ð � ÷ � to denotethe
“symbol” $�øC=^!ÃvÂ÷³=rø T 0È=Ið~" ��ö .

We can let the sametree automatonrun on binary in-
stancesandon arbitraryinstances,viewing the latterasbi-
narytreeswith respectto thefirst-child andnext-sibling re-
lation. In the following, we treatbinary treesin somede-
tails andthenbriefly explain how the approachextendsto
unrankedtrees.

6.1. Binary instances. A run of a ! -treeautomatonï�"� �Ê)õð�),ñ
)-ò � on a binary tree instanceT of schema! is a
mappingù 5 2 T 6 � suchthat:

– For all leaves÷³=^2 T wehave ù � ÷ � =rò ð � ÷ � .

– For all nodes÷³=^2 T with onechild ÷Â' we have

ù � ÷ � =^ò ù � ÷Â' � )õð � ÷ � +
– For all nodes÷³=^2 T with two children÷ ' )�÷ � we have

ù � ÷ � =Rò ù � ÷ ' � )�ù � ÷ �
� )õð � ÷ � +
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Therun ù is acceptingif ù � rootT
� =Eñ . Theautomatonï

acceptsT if thereis anacceptingrun for ï on T.
To be ableto defineunaryqueries,we needto enhance

tree automataby an additional mechanismfor selecting
nodes.

Definition 16. A selecting ! -treeautomaton( ! -STA) is a
tuple ïx" � �Ê)Âð�)-ñ
),ò8)-& � , where

� ��)Âð�),ñ
)-ò � is a ! -tree
automatonand &IMC� a setof selectingstates.

Theunaryquerydefinedby a ! -STA ï mapsevery ! -
treeT to theset

ï � T � " 9q=r2 T v every acceptingrun of ï on T is in
aselectingstateat vertex 9 .

At first sight,this queryingmechanismsmayseema bit
artificial. However, it turnsout thatSTAs have goodalgo-
rithmic propertiesandprovide a nice unifying framework
for the languagesconsideredhere. Still, requiringall ac-
ceptingrunsto be in a selectingstateseemssomewhat ar-
bitrary. We shall seebelow that we may equivalently re-
quire at least one acceptingrun to be in a selectingstate
(cf. Corollary19). Of courseit would evenbebetterif we
couldsimplyusedeterministictreeautomata?2 Thefollow-
ing exampleshows thatthiswould not besufficient.

Example17. Let EVEN-DEPTHbethequeryof schemaÕ
definedby

EVEN-DEPTH
�
T
� ">$�9S=R2 T v depth

� 9 � is even0
wherethedepthof avertex in atreeis thelengthof thepath
from theroot to this vertex.

EVEN-DEPTHis clearlydefinableby anSTA. It is not
definableby andeterministicSTA, though.To seethis, just
note that becausethereis only onerun of an STA on ev-
ery tree,for a querydefinedby a deterministicSTA it only
dependson the subtreebelow a vertex whetherthe vertex
belongsto theanswersetor not.

NevenandSchwentick’s [26] queryautomataaredeter-
ministic, but the price for this is that a run of a queryau-
tomatonmaygo up anddown thetreeseveraltimes.As the
following result implies, both typesof automatahave the
samequeryingpower.

Note thatbecauseof spacelimitations, theproofsof all
resultsbut onehadto bemovedto AppendixD.

Theorem18. A query (on binary tree-instances)is defin-
ablein MSOif, andonly if, it is definablebyan STA.

2A treeautomatonis deterministicif úõû�üý²þ�ÿ�� is a one-elementset for
all ûËüÿ�þàý�������� û
	�� ���� û
	���	�� �� . The usualpowersetcon-
structionshows thatfor every (nondeterministic)treeautomaton� thereis
a deterministictreeautomaton��� equivalentto � , in thesensethat � and� � acceptthesametrees.

Corollary 19. For everySTA ï thereexistsanSTA ï£U such
that for all binary treeinstancesT,

ï � T � " 9S=^2 T v there existsan acceptingrun of ï£U
on T that is in a selectingstateat
vertex 9 .

Sincemonadicdatalogis containedin MSO,Theorem18
alsoimpliesthatfor everymonadicdatalogprogramthereis
anSTA definingthesamequery. In thefollowing example,
we give a direct constructionof suchan automatonfor a
given datalogprogram,which of courseis more efficient
thantheonegoingthroughMSO.

Example20. Let ! be a schemaand �^'*),+-+,+-)�� é��=x! .
Let � be a TMNF-programof schema! . Let �^' be the
goal predicate. We definea ! -STA ïæ" � �Ê) ��ö ),ñ
),ò,),& �
as follows: We let ��" � Ð�� n ÖØ×Ø×Ø× Ö � í Ñ , ñ�"æ� , and &ô"
$�ìS=i�ôv1� ' =Pì�0 . To definethe transitionfunction, we
first definea propositionalHorn formula � in thevariables
!b�q$�� @ )��

'
@ )��^�@ v

J � D �#ç¿0 (weconsiderrelationnames
aspropositionalvariableshere)with thefollowing clauses:

– If � @
���
�¥ ø ���W� is a rule of � then � @

¥ ø is a
clauseof � .

– If � @
���W�
¥ ��� ���W�1© �  ���
� is a rule of � then� @

¥
� � © �  is a clauseof � .

– If � @
���
�[¥ � � � À �(© First-Child

��� )�À � is a rule of �
then� @

¥ � '� is a clauseof � .

If � @
���W�È¥ � � � À ��© Second-Child

��� )4À � is a rule of
� then� @

¥ � �� is aclauseof � .

– If � @
���
�[¥ � � � À �(© First-Child

� Àw) �
� is a rule of �
then� '@

¥ � � is aclauseof � .

If � @
���W�È¥ � � � À ��© Second-Child

� Àw) �
� is a rule of
� then�^�@

¥ � � is aclauseof � .

Now for all ì ' ),ì � =C� and �>= � ö we let � � ì ' )-ì � )��
�

be
theformulain thevariables$��^'*)-+,+,+-)�� é 0 obtainedfrom �
by replacingeachvariable� @� , for

D " J ) � and
J ���¬�~ç ,

by TRUE if ���G=Qì @ andby FALSE otherwise,andby re-
placingeachø�= ! by TRUE if ø =�� andby FALSE oth-
erwise. Thenwe let ò � ì ' )-ì � )��

�
be thesetof all satisfying

assignmentsof � � ìÂ'8),ì � )��
�
. Herea satisfyingassignment

is identifiedwith thesetof variablesit setsTRUE.
For ì ' =P� and �E= ��ö we definea formula � � ì ' )�� �

as � � ìÂ'8),ì � )��
�

above, just replacingall variables�r�� by
FALSE. Thenwe let ò � ìõ'8)�� � bethesetof all satisfyingas-
signmentsof � � ì ' )�� � . For �G= ��ö wedefineò � � � similarly.

This completesthe definition of the automatonï . It
is not hard to prove that ï definesthe samequeryas the
program� .

We now show how to evaluate STA-queries, that is,
queriesdefinedby STAs, first on tree-instancesandthenon
compressedinstances.Thealgorithmscombineideasfrom
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[12] with the partial decompressionmethodsthat we also
useto evaluateXPathandmonadicdatalogqueries.

Proposition21. The evaluation problem for STA-queries
on binary tree instancescan be solvedin time

���  î 	���� ,
where  is thenumberof statesof the input automatonand�

thenumberof verticesof theinput instance.

Remark 22. Note that storingthe transitionrelationof an
automatonwith  statesrequiresspace �  � � and

���  î � . So
the factor  î in the runningtime of the previousalgorithm
is notasbadasit looks. Indeed,acloseranalysisshowsthat
therunningtime canbeimprovedto

��� ä 	*���
, whereä is

thesizeof theencodingof theautomaton.

Theorem23. Theevaluationproblemfor STA-querieson
binary instancescan be solvedin time

������� ¢ î log �\	���� ,
where  is thenumberof statesof the input automatonand�

thenumberof verticesof theinput instance.

Remark 24. It is nothardto seethedecisionversionof the
evaluationproblemfor STA-queriesis in polynomialtime,
becausefor agiven ! -STA wecaneasilydefinea !Ê�\$�� 0 -
treeautomatonï£U suchthatfor every ! -treeinstanceT and
every vertex ÷S=�2 T we have ÷S=?ï � T � if andonly if ï£U
accepts

�
T )Â$�÷-0 � . Thelattercanbetestedin time

���  î 	*��� ,
becausean automatonacceptsa treeif andonly if thereis
anacceptingreachablestateat theroot.

Corollary 25. Theevaluationproblemfor MSO-querieson
binary instancesparameterizedby thesizeof theinput for-
mulais fixed-parametertractable.

Let Æ MSO be the set of MSO-formulasof the form
ÆÂ� ' ),+-+,+8)4�  � � � ' )-+,+,+-)��  � where� is first-order.

Theorem26. The evaluation problem for Æ MSO-queries
on binary instancesis NEXPTIME-complete. Evaluation
of MSOqueriescanbedonein EXPSPACE.

If we convert a monadicdatalogprograminto an STA
in the way describedin Example20 and then useTheo-
rem23to evaluatethequery, theresultingalgorithmis dou-
bly exponentialin thesizeof thedatalogprogram,which is
muchworsethanthedirectalgorithmswe saw before.We
shallnow introducea restrictedversionof our STA, which
is somewhatcloserto monadicdatalogandadmitsmoreef-
ficientqueryevaluation.

Definition 27. A weak selecting ! -tree automaton ( ! -
WSTA) is a tuple ï " � ��)Âð�),ñ
)-ò8),&Z)-j � , where� �Ê)õð�),ñ
),ò,),& � is a ! -STA and j apartialorderon � s.t.

– ñ is downwardclosedw.r.t. j .

– & is upwardclosedw.r.t. j .

– For all
�"!ì{)"# � =Iðb� � � O ð � � � � O � O ð � andê²)�ê�U�=

ò �$!ì²)%# � thereis an ê{U UÉ=Rò �$!ì{)%# � suchthat ê�U U(jTê²)�ê�U .

– ò is monotonewith respectto j in the sensethat for
all
�$!ì{)"# � ) �$!ì*U�)%# � = � � O ð � � � � O � O ð � , if

!ì[j !ì*U
(componentwise)thenfor every ê�U�=~ò �$!ì*U�)"# � thereis
an ê\=^ò �$!ì{)%# � suchthat êÇjTê�U .

Example28. The automatonconstructedfrom a monadic
datalogprogramin Example20 with set-inclusionasa par-
tial order on the statespace

� Ð�� n ÖØ×Ø×Ø× Ö � o Ñ is a WSTA. To
seethis, just notethat the setof satisfyingassignmentsof
a propositionalHorn formula is closedunderintersection
andmonotonewith respectto theBooleanconstantsin the
formula.

Proposition29. For everySTA thereis a WSTA thatdefines
thesamequery.

Theorem30. Theevaluationproblemfor WSTA-querieson
binary instancescan be solvedin time

���  î 	-��� , where  
is the numberof statesof the input automatonand

�
the

numberof verticesof theinput instance.

6.2.Unranked tr eeautomata. Eventhoughwecanavoid
unrankedinstancesentirely if we transformthemto binary
instancesasdescribedin Section5,wethink it is still worth-
while to briefly discussSTAs on unranked instances.We
have mentionedearlierthatwe run a treeautomatonon an
unrankedtreeby runningit onthecorrespondingbinarytree
inducedby theFirst-Child andNext-Siblingrelation. Note
that in this binary tree,the lastsiblingsarepreciselythose
thatonly haveone(first) child.

To distinguishthemclearly from the “binary” automata
consideredin the previous section,we call the automata
consideredhereunrankedtreeautomata. Let usemphasise,
however, that the automatathemselvesare the same,they
only run in a differentway.

Once we have defined an appropriatenotion of run
and acceptancefor unranked tree automata,we can de-
fine unranked STAs and unranked WSTAs. Then the ba-
sic resultsstatedfor binary automatain the previous sec-
tion have analogousversionsfor unranked automata. In
particular, every MSO-query on unranked trees (viewed
as ![��$ Root) Leaf) Last-Sibling) First-Child) Next-Sibling0 -
structures)is definableby an STA andvice versa. More-
over, monadicdatalogprogramsoverunrankedtreescanbe
translatedinto WSTAs whosestatespaceis the set of all
IDB predicates.

We only statethe unranked versionof the main result.
Theboundsontherunningtimeareweaker, whichis mainly
dueto thecompactrepresentationof multipleedgesin com-
pressedinstances(cf. Section2.2).

Theorem31. Theevaluationproblemfor

(1) STA-queriescanbesolvedin time
����� î � ± ����	 ä � .

(2) WSTA-queriescanbesolvedin time
����� î � ±� 	 ä � .
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Here  is the numberof statesof the input automatonand
ä thesizeof theinput instance.
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APPENDIX

A . Proofsof Section3

Proofof Proposition5: It is easyto verify by inspectionthat
thealgorithmof Figure6 indeedcomputes� � ¤ � T ��´ T and
storesit in  . The main ideais to usea queuecontaining
newly derived atomsinto which no atom is ever inserted
twice and which governsthe inferenceof further atoms.
Moreover, rules ê with several IDB bodyatoms(i.e., those
of type4) areinstantiated(that is, their variableis matched
andreplacedwith a node)immediatelywhena first appro-
priateatom # is reachedin the queue- . The body atom
matching# is alsoremovedfrom theinstantiatedversionof
ê , leadingto a rule with onebodyatomless.(Notethatwe
assumethat rule bodiesaresetsandthusthat thereareno
duplicateatomsin rule bodies.)

The initialization phase(before the start of the while
loop) is dominatedby the initial valueassignmentto - in
time

��� v ��� ¤ � T �h´ T v � andto ø in time
��� v �°v � .

Thewhile-loopthatfollowsiteratesexactly v � ��¤ � T ��´ T v
times (oncefor eachIDB groundatom inferred). We as-
sumeappropriatedatastructures(e.g.anarrayof size v �°v�®
v�2 T v for  ) that allow to do all datastructurelook-upsin
constanttime. Thefirst for-loop runsin constanttime,asit
mayhaveatmostfour iterations.Thesecondfor-loop(han-
dling rulesof type4) maytaketime

��� v �°v � , thustheoverall
while loopcanbeprocessedin time

��� v �°v�®�v ��� ¤ � T �¿´ T v � .
Thetime boundof Proposition5 follows. .

A.1. Ad Proposition7.
To keep the following encoding simple, we do not

strictly adhereto TMNF syntax.However, all datalogrules
in this sectioncanbe transformedinto TMNF by folding
pairsof unaryatomsfrom longrulesinto separaterules.For
instance,a rule u � À ��¥ uÉ' ���W�(© u �

���W�É© uFî ���
� + rewrites
into u � À �É¥ u³U ���
�F© uFî ���
� + and u³U ���W�
¥ u
' ���
�F© u �

���
� +
This is not anadditionaltransformationthathasto becom-
posedwith theproof, but canbeapplieda priori to our en-
coding.

Definition 32. Givena binaryaxisrelation µ , anaxisis its
inverse, denotedµ lZ' , if ¾ � )4ÀwÁ£=\µ0/«¾�Àw) � Á
=Çµ lZ' .

For eachXPath axis, thereis alsoan XPath axis that is
its inverse.For example,Self

lZ' " Self, Child
lZ' " Parent,

andDescendant
lZ' " Ancestor.

Proof of Proposition7 (Sketch): The encodingpresented
hereis closely basedon one presentedin [15]; however,
there,negation was encodedusing datalogwith stratified
negation,which we do not wantto usehere.3 Theideais to

3Even though extending monadic datalog with stratified negation
changesneitherthecomplexity nor theexpressivenessof theformalism.

Input: program� , tree-instanceT.
Output: setof groundatoms i"T� � ¤ � T �1´ T.

Initializations:
// waitingqueuefor truegroundatoms.
- := $�u � 9 � vmu ���W�É¥è§Ü���
� + is in �Ç)§Ü� 9 � is truew.r.t. T 0 ;
 := - ; // results:setof groundatoms.

// rulesby predicate.
map ø : predicate6 setof rule-ids;
for eachIDB predicateu do

ø »�u³½ := $�ê\v thebodyof ê containsuÊ0 ;
// half-finishedgroundrulesof type4.
map 132$465 : rule-id 6 setof groundatoms;
for eachrule ê\=°� of type4 do 132$4�5�» ê�½ := Õ ;
Main loop:
while ( - not empty)do
begin

takea groundatom u � 9 � off - ;

// rulesof type2 and3
for eachrule u³U ���
�W¥ u ��� ¨ �1©qªb��� ¨�) �W� +

in øÊ»�u³½ , ªb� 9h)�: � truew.r.t. T or
u³U ���
�W¥ u ��� ¨ �1©qªb��� ) � ¨ � +

in øÊ»�u³½ , ªb� :b)�9 � truew.r.t. T do
// where

ª
is eitherFirst-Childor Next-Sibling

begin
if ( u³U � : � not yet in  ) then

add u³U � : � to - andto  ;
end;

// rulesof type4
for eachrule ê = u U U ���W�
¥ u ���
�h© u U ���
� +

in øÊ»�u³½ do
begin

if ( u � 9 � not in 132$4�5�» ê�½ ) then
add u³U � 9 � to 132$4�5�» ê�½ ;
// whatis actuallywaitingnow
// is thegroundrule u³U U � 9 �
¥ u³U � 9 � +

else
// u U � 9 � hasbeensatisfiedbeforeand
// u � 9 � is satisfiednow aswell - rule fires.
if ( u³U U � 9 � not yet in  ) then

add u³U U � 9 � to - andto  ;
end;

end;

Figure6. ModifiedMinoux algorithmfor TMNF.
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Child7 ���W�¦¥ u ��� ¨ �w© First-Child
��� ¨�) �
� +

Child7 ���W�¦¥
Child7 ��� ¨ �w© Next-Sibling

��� ¨ ) �
� +

Child7 ���W�¦¥
Root

���
� +
Child7 ���W�¦¥ u ��� ¨ �w© First-Child

��� ¨ ) �
� +
Child7 ���W�¦¥

Child7 ��� ¨ �w© Next-Sibling
��� ¨¿) �
� +

Parent7 ���W�¦¥
Aux-Parent7 ��� ¨ �h©
First-Child

��� ) � ¨ � +
Aux-Parent7 ���W�¦¥ u ���W� +
Aux-Parent7 ���W�¦¥

Aux-Parent7 ��� ¨ �h©
Next-Sibling

��� ) � ¨ � +

Parent7 ���W�¦¥
Leaf

���
� +
Parent7 ��� ¨ �«¥

First-Child
��� ¨ ) �
�h©

Aux-Parent7 ���
� +
Aux-Parent7 ���W�¦¥ u ���W�h© Last-Sibling

���W� +
Aux-Parent7 ���W�¦¥ u ���W�h© Next-Sibling

��� )4À �h©
Aux-Parent7 � À � +

Figure7. Axis encodings(for Child, Parent, andtheir
complements).

pushdown negationto unarybuilt-in predicates,for which
we,by thedefinitionsof Section3.4,havethecomplements
available. Theslightly tricky part is the (binary) axis rela-
tions,whicharealsotheonly partof aCoreXPathqueryfor
which recursionis neededin our encoding.As in [15], for
eachaxis µ , we cansetup a basicallyfixed templatepro-
gram(modulooccurrencesof IDB predicateu ) defininga
predicateµ87 with theintuitivemeaning

µ 7 ���
�W¥ u ��� ¨ �1© µ ��� ¨ ) �W� +
As TMNF with thegivenbuilt-in relationsprovidesall the
machineryto check a given predicate u on each of the
nodesof a region in the tree relevant to an axis, negated
axes µ 7 (denotingthe complementof the setof nodesto
which µ97 evaluates)canbeencodedaswell. We show im-
plementationsof Child7 , Parent7 , Child7 , andParent7 in
Figure7 andanimplementationof Ancestor7 in theexam-
pleof Figure8 below.

First we provide the encodingfor positive CoreXPath,
i.e. for CoreXPath without negation. This is preciselyas
in [15]. Givena query � , we obtaina programcomputing� by startingwith thequerypredicate·;:³» » � ½ ½ andincluding
rulesaccordingto the patternsshown below until all IDB

predicateshavebeendefined.

·;:³» » µ :: u�»�¼�½�½ ½ ���
� ¥ µ ¹ ���W�h© u ���
�w© ¸¡» »�¼�½ ½ ���
� +
· : » »�f8µ :: u�»�¼�½�½ ½ ���
� ¥ µ Root

���W�w© u ���W�w© ¸�» »�¼�½ ½ ���
� +
·;:³» » � f8µ :: u�»�¼�½�½ ½ ���
� ¥ µ=<�>�? ? @�A A ���
�w© u ���
�h© ¸�» »�¼¯½ ½ ���W� +
Aux-·;B
» »�u�»�¼�½�½ ½ ���
� ¥ u ���W�h© ¸�» »�¼�½ ½ ���
� +
·;B
» » µ :: u�»�¼�½�½ ½ ���
� ¥ µ l�'Aux-<�C�? ? 7 ? D�A A A ���
� +

Aux-· B » »�u�»�¼�½Ëf � ½ ½ ���
� ¥ · B » » � ½ ½ ���
��© u ���
�Z© ¸¡» »�¼�½ ½ ���
� +
·;B
» » µ :: u�»�¼�½Ëf � ½ ½ ���
� ¥ µ l�'Aux-< C ? ? 7 ? D�AFEG@�A A ���
� +

¸¡» » � ½ ½ ���
�A¥ ·;B
» » � ½ ½ ���
� +
¸�» »�¼ ' and ¼ � ½ ½

���
� ¥ ¸�» »�¼ ' ½ ½ ���
�h© ¸�» »�¼ � ½ ½
���
� +

¸¡» »�¼�' or ¼ � ½ ½
���W�W¥ ¸¡» »�¼�'�½ ½ ���
� +P¸�» »�¼�' or ¼ � ½ ½

���
�
¥ ¸¡» »�¼�'4½ ½ ���W� +
Note that as in the encodingof [15], querysubexpres-

sionswithin brackets (i.e., conditions)are intuitively “re-
versed”(usingthe ·;B predicatesandtheaxisinversesµ l�' )
to directall computationin thequerytreetowardsthe“hot
point” thatselectsnodes.

Now for negation,insidebooleanconditionexpressions
(with “and”, “or” and“not” asoperationsandpathexpres-
sionsassumedatomic),negationsarepusheddown asfaras
possibleusingDe Morgan’s laws (which of coursedo not
leadto an increasein formula size). Then,we proceedas
abovewith theadditionalrule templates

¸¡» » not
� � � ½ ½ ���
�A¥ · B » » � ½ ½ ���W� +

· B » » µ :: u�»�¼�½�½ ½ ���W�¦¥ µ l�'Aux-< C ? ? 7 ? D�A A A ���
� +
· B » » µ :: u�»�¼¯½Ëf � ½ ½ ���W�¦¥ µ l�'Aux-<�CH? ? 7 ? D�AIEG@�A A ���
� +

RulesdefiningpredicatessuchasAux-· B » »�u�»�¼�½Ëf � ½ ½ canbe
easily obtainedby again applying De Morgan’s law, by
which thenegationof a rule

u ���
�
¥ u ' ���
�w©q	-	,	¿© u . ���W� +
becomes

u ���
�
¥ uÉ' ���W� + +-+,+ u ���W�
¥ uh. ���W� +
Evenif notobviousfromthisrewriting-baseddiscussion,

thistranslationcanbecarriedoutin lineartimeandlogarith-
mic space.Figure8 givesanexample. .

B. Proofsof Section4

In analogyto T y (thesubtreeof T rootedby 9 ), let T y denote
the complement(or envelope) of Ty , the treeobtainedby
removing all of T y from T exceptfor 9 (which becomesa
leaf). Justlike T y , Ty is againa tree-instance.

The following centrallemmanow statesa strongerver-
sionof thefact that (a) in orderto decidewhetheranatom
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ChildRoot
���
� ¥

Root
��� ¨ �h© First-Child

��� ¨�) �W� +
ChildRoot

���
� ¥
ChildRoot

��� ¨ �1© Next-Sibling
��� ¨ ) �W� +

·;:¡» » /child::A[not(descendant::B)]½ ½ ���
� ¥
ChildRoot

���
�w©�JÈ���W�w© ¸�» » not(descendant::B)½ ½ ���
� +
¸�» » not(descendant::B)½ ½ ���
� ¥ · B » » descendant::B½ ½ ���W� +
· B » » descendant::B½ ½ ���
� ¥

AncestorAux-<�CH? ? KLA A ���
� +
AncestorAux-<�CH? ? KLA A ���
� ¥

Leaf
���
� +

AncestorAux-<�CH? ? KLA A ���
� ¥
First-Child

��� )4À �h© Aux-AncestorAux-<MC�? ? KA A � À � +
Aux-AncestorAux-<�CH? ? KLA A ���
� ¥

AncestorAux-<�CH? ? KLA A ���
�Z© Aux-· B » » ª ½ ½ ���
�Z© Last-Sibling
���W� +

Aux-AncestorAux-< C ? ? KLA A ���
� ¥
AncestorAux-< C ? ? KLA A ���
�Z© Aux-·;B
» » ª ½ ½ ���
�Z©
Next-Sibling

��� )4À �h© Aux-AncestorAux-< C ? ? KA A � À � +
Aux-·;BÉ» » ª ½ ½ ���
� ¥ ªb���
� +

Figure8. Encodingfor CoreXPathquery/child::A[not(descendant::B).
J

and
ª

(and
ª

) arepredicatesin theschemaand
·;:³» » /child::A[not(descendant::B)]½ ½ is thegoalpredicate.

inside a subtreeT y can be derived with program � (i.e.
whetherthe atom is in ��� ¤ � T � ), all we needto know is
the structureof T y itself and the atomsthat are derivable
for node9 on T (i.e., theatomsof � � ¤ � T � f y ), and(b) the
conversefactwith Ty andT y exchanged.

The ��� operatoris nondeterministic,but we may com-
poseaparticularrun � �  � � � into anew deterministicoper-
ator N � . We denotethis by N � 5 " � � �  � » �^½ . We assume
N³� to choosethesamerulesandnodesastheparticularrun
of � �  in the sameorder. We extendthe applicability of
N³� to setsof groundatoms

�PO � by steppingover rules
that cannotfire becausetheir bodiesarenot satisfiedin

�
withoutdoinganything.

Lemma 33. Let � bea TMNF program,T a tree-instance,
and N³� 5 " � ���  � » T½ . Then,

N � � T � f T Q "RN � � T y �SN � � T � f y �

and
N � � T � f T Q "RN � � T y �SN � � T � f y � +

Proof of Lemma33 (Sketch): By inductionon the
�

steps
of the operator. Thereare two casesof rules. In the first
(which correspondsto TMNF rule templates(1) and(4)),
thebodycontainsonly a singlevariable.Thus,therule ap-
plicationhasonly strictly local impact,on asinglenode.In
thesecondcase(correspondingto TMNF rule templates(2)
and(3)), a rule hasat mostonesinglebinary atomanda
singlefurtherIDB atomin thebody(whichmaydependon
previouslyderivedfacts).Here,anew fact u � 9 � mayenable
the derivationof factson different nodes,but asan imme-
diateconsequence,only factson nodesadjacentin T w.r.t.

theFirst-Childor Next-Siblingrelationscanbeinferred.An
atom u � 9 � canonly contributeto thederivationof another
atom � � : � , where9 and : arenot adjacentin T, if first a
traceof new atomsis computedfor eachof thenodesonthe
undirectedpathfrom 9 to : in T. Let 9VU bea nodeon this
undirectedpathbetween9 and : , and u³U � 9VU � this witness
atomfollowing from u � 9 � . Then,subsequently, it suffices
to know u U � 9 U � to infer � � : � ; u � 9 � is not needed. .
Proof of Lemma8: By inductionon thetree(bottom-up):

– (Inductionstart)Let 9²¨ bealeaf. T y�Ó is atreewith only
a single node,so T y Ó interpretedas a set of ground
atomsonly consistsof unary atomsover 9²¨ , and the
sameis truefor �Ç¨�� Ty�Ó . fixp

� 9²¨�)��Ç¨²) � " ÒF� (
�

must
be
Ò

becausethereareno children.) initially sets�
to �Ç¨\� Ty�Ó and then iterates� 5 " � � � � � . Note
that since � at all times only containsunary atoms,
only rulesof types1 and4 canfire. Whenafixpoint is
reached(which mustbe reachedeventually), �Gf y�Ó is
returned.Thus,fixp

� 9 ¨ )�� ¨ ) ÒF� "#��� ¤ � � ¨ � T y Ó � f*9 ¨ ,
asclaimed.

– (Inductionstep)Let 9²¨ bea non-leafnode.We rewrite
thepseudocodeof Figure2 by replacingtherecursive
calls to fixp using the induction hypothesis. By our
inductionhypothesis,thepseudocode

� := �Ç¨Ì� T f�Ð y Ó Ö y n ÖØ×Ø×Ø× Ö y o Ñ ;while nofixpoint reacheddo
� := ��� � � � �

� ��¤ � Ty n ���Gf y n
� f y n �

	,	-	 �
��� ¤ � Ty o �Ê�Gf y o

� f y o
Ù

return �Gf y-Ô ;
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obtainedmustequallycomputefixp
� 9²¨�)��Ç¨²) �/� .

Clearly, the while-loop convergesto a fixpoint, with
��� and set unionsmonotonicallyincreasingand the
setof groundatomsfinite.

By thefirst partof Lemma33, it is safeto decompose
the computationof � � ¤ � T y�Ó �Ç�Ç¨ � f y-Ô into the local
processingof the region of T consistingof 9 ¨ andits
children 9F'h+-+,+49�. andthe separateprocessingof their
subtreesTy n +-+,+ Ty o usingthefixp function.

It is essentialto observe that � at all timesonly con-
sistsof thepartof thetreestructurethatonly involves
nodes9²¨�)�9F'8),+,+-+,)49�. aswell asunaryatomsover the
samenodes.Becauseof the limited syntaxof TMNF,
rulesof types2 and3 involving binarypredicatescan
only (andonly haveto) unify with neighbouringnodes
in the tree – either parentsand their children or ad-
jacentsiblings. Therefore,all rules that can fire on
Ty�Ó involving 9²¨ andits childrenwill alreadyfire on
T f y Ó Ö y n ÖØ×Ø×Ø× Ö y o given that the iterative computationof
� ��¤ � T y%T �Ç� � f y%T on the children(

J � D � � ) con-
tributesthe atomsover the child nodes9 @ that canbe
computedin the subtreesTy T , possiblygiven atoms
over 9 @ computedlocally on T f y�ÓõÖ y n ÖØ×Ø×Ø× Ö y o .
Whenever � � � � � adds a new ground atom over a
child node 9 @ (

DiB J
) to � , � � ¤ � T y%T �r�Gf y%T � f yUT

is re-computedimmediatelyafterwardsto make sure
that all consequencesover node 9 @ from that atom
that may be due to inferencesin Ty T are addedto
� . Therefore,the while-loop only terminateswhen
�è"#� � ¤ � Ty�Ó ���Ç¨ � f y�Ó{Ö y n ÖØ×Ø×Ø× Ö y o . Our claim follows.

Thus,Figure2 indeeddefinesthefunction

fixp
� 9 ¨ )4� ¨ ) �F� "I��� ¤ � T y Ó ��� ¨ � f yÂÔ +

SinceTroot " T, � � ¤ � T � f root " fixp
�
root)ÂÕ�) Ò1� . Moreover,

by Lemma33, ��� ¤ � T � f y Ô " fixp
� 9h)4��� ¤ � T � f y ) �/� (where

9  is the
�
-th child of 9 ). .

Notethatdifferentlyfrom Figure2, thesecondargument
as well as the return value in the implementationof Fig-
ure9 isof type“setof predicates”ratherthan“setof atoms”.
Moreover, we make therecursive calls to VW4$X moreintelli-
gently, thatis, only whennew atomshavebeenderivedata
child nodeandthereis achanceof V=4�X inferringsomething
new.

Algorithm B.1 (Evaluationof monadicdatalog)
Input: A program� , an instanceI, anda node9r= s � 2 I �
(that is, 9 is a nodeof Y � I � expressedas an edge-path).
Output: Thesetof IDB predicatesfor 9 thatcanbederived
using� on Y � I � .
Method:

function fixp(node9 , setof predicatesñ , integer
�\B�Ò

)
returnssetof predicates

begin
ñ/¨ := ñ �q$²utvVu ���
�
¥è§Ü���W� + in � ,

§
holdsat 9Z0 ;

let
�

bethenumberof childrenof 9 ;
for eachchild 9 @ of 9 ��J � D � ��� do

ñ @ := fixp(9 @ , Õ , 0);

while nofixpoint of ñ ¨ reacheddo
begin

if u ���
�W¥ u ' ���W�h© u �
���W� + in �

and u ' ),u � =^ñ ¨ then
ñF¨ 5 "EñF¨Ì�S$�uÊ0 Ù

if u ���
�W¥ u/¨ ��� ¨ �1© First-Child
��� ¨¿) �
� + in � ,�TBiJ

and uF¨�=rñ/¨ then
ñ
' := fixp(9F' , ñ
'
�S$�uÊ0 , 0);

if u ���
�W¥ u/¨ ��� ¨ �1© First-Child
��� ) � ¨ � + in � ,�TBiJ

and uF¨�=rñÉ' then
ñ ¨ 5 "Eñ ¨ �S$�uÊ0 ;

if u ���
�W¥ u ¨ ��� ¨ �1© Next-Sibling
��� ¨ ) �
� + in � ,

u ¨ =^ñ @ and
J � D[Z�� then

ñ @ ¢ ' := fixp(9 @ ¢ ' , ñ @ ¢ ' �S$²uÊ0 , 0);

if u ���
�W¥ u/¨ ��� ¨ �1© Next-Sibling
��� ) � ¨ � + in � ,

u/¨�=^ñ @ and
J\Z�D � � then

ñ @ lZ' := fixp(9 @ lZ' , ñ @ l�'
�S$�uÊ0 , 0);
end;
return ñ  ;

end.

Figure9. A moredetailedimplementationof fixp.

Let
� 'h+,+-+ �   betheedge-pathdefining9 (ä B}Ò

);
: := ê6]^]¯÷ I; ñ := fixp(: , Õ , 0);

D
:=
J
;

while
D �#ä do

begin
ñ := fixp(: , ñ ,

�
@ ).: := the

�
@ -th child of : ;D

:=
D ± J ;

end;
Output ñ .

wheretheauxiliary function

fixp 5 2 I O ��_G` K � � � O $ Ò ) J ) � )(a/),+,+-+*0 6 ��_G` K � � �

is givenin Figure9. .
Proofof Theorem9 (Sketch): Thespacerequirementsof the
above-describedalgorithm are dominatedby thoseof the
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(a)

0

0 1

0 1 0 1

1

10

0 1 0 1

(b)

1

1

10

0

0

Figure10. Instancefor QSAT encoding(threevariables).

fixp function. This function in turn only considersvery lo-
calizedregionsof theinstanceat any point in time,namely
a node 9 plus its children. It is recursive, and thereforebdc XMe,f � T � I ��� fixp activationrecordsmayhave to bekepton
thestack. The total spacerequiredmayat mostamountto
thenumberof nodesof a pathfromtheroot to a leafplusall
of their siblings(timesspaceto storea setof predicatesof
sizeat most v ÚhÛ ªb� � � v ). Sucha fragmentof an instance
has the samesize no matterwhethercompressedor not.
Thus,we obtainthe spaceboundindicatedin Theorem9.
Note that our algorithmproceedsin exactly the sameway
nomatterwhethertheinstanceis a treeor compressed. .
Proof of Theorem10: PSPACE-membershipfor TMNF is
assertedin Theorem9, andCoreXPath inheritsthis upper
boundby Proposition7. We show the PSPACE-hardness
of both languagesby providing a logspace-reductionfrom
QSAT to thedecisionproblemfor CoreXPathqueryevalu-
ation.

Givena(closed)quantifiedbooleanformula

� ' � ' 	,	,	 � . � . �
(where �Ü'*)-+,+-+8),�Y.�=t$UgZ)-Æm0 and � is quantifier-free), the
instanceis asshown in Figure10 for

� "ha variablesand
hasschema!S"t$ Ò ) J 0 .

The query is /self::*[ �b' child[
	,	-	

[ �[. child[ � U ]] 	,	-	 ]],
where Æ child[i ] rewrites into child::*[ i ] and g child[i ]
rewrites into not(child::*[not(i )]). �1U is obtainedfrom the
booleanformula � by substituting

©
, j , and k by “and”,

“or”, and “not()”, respectively, and eachvariable
�
@ by

parent::*/
	,	,	

/parent::*/self::1,wherethe numberof appli-
cationsof theparentaxisis

�G´ÃD
.

It is not difficult to seethat this is indeeda correcten-
codingof QSAT, i.e. thequeryselectsthe root nodeif and
only if theQSAT formulais true.

For example,thequeryfor theQSAT formula

g � '-Æ � �
� k � '9j � �

�h©Ã��� '8jSk � �
�

(which is true)is

/self::*[not(child::*[not(child::*[ �1U ])])]
with

� U " (not(parent::*/self::1)or self::1)and

(parent::*/self::1or not(self::1)).

Theinstanceservesasa compressedversionof a proof tree
for the QSAT formula, where a node label (either

Ò
for

“f alse”or
J

for “true”) at a nodeat depth
D ± J in the tree

denotesa valuationof propositionalvariable
�
@ . In our ex-

ample,whichcanalsobewrittenasg � ' Æ � �
��� ' / �

�
�
, the

queryselectstherootnodebecauseboththeleft child of the
rootnodelabeled

Ò
andtheright child labeled

J
(g � ' ) have

achild ( Æ � � ) with their respective label(
� ' / �

� ).
TheNP-hardnessof positiveCoreXPathfollows imme-

diately from the encodingof the previous proof, in which
we canstill encodeSAT (i.e.,all quantifiersareexistential)
withoutnegation.Negationinside � canbepusheddown to
thevariablesusingDeMorgan’slaws,wherewecanrewrite
e.g.not(parent::*/self::1)asparent::*/self::0.For instance,
wecanwrite �1U equivalentlyas

(parent::*/self::0or self::1)and(parent::*/self::1or self::0).

Membershipin NP follows from thefollowing observa-
tion. Let � beaqueryand9 bethenodefor whichmember-
ship in thequeryresultis to bechecked. If negationis not
presentin � , it canbe matchedin the instanceI if f it can
be matchedon a small subtreeof T

�
I
�

containing9 . This
“witness” tree is of polynomialsize: it is at mostasdeep
as I and is definedby a subsetof

s � 2 I � of cardinalityat
mostthenumberof nodesof thequerytreeof � (basically
correspondingto thenumberof operationssuchasaxisap-
plicationsandnodetestsperformedin � ).

Indeed,no more thana subtreeof this sizecanmatter
in the evaluationof sucha query. The remainingpartsof
treeT

�
I
�

must be ignoredand “jumped over” by the axis
applications.

All we now needto do is guesssucha witnesstreeand
execute� onit (for whichwehaveapolynomial-timealgo-
rithm [16]). .
Proof of Theorem11: We assumethefollowing datastruc-
ture for representingnodesof an instanceI. For practi-
cal reasons(nodesandthusatomstrue on themmay have
to be copied), we store inferred ground atoms with the
nodesrather than in the set  . Eachnode 9e=�2 I has
a set lnm cGbdo � 9 � of booleanflags and a list �Up DUqsr êV¼ ��� 9 �
of referencesto nodesfrom 2 I associatedwith it. By
�Up Dtqur ê�¼ ��� 9 � » D ½ , we accessthe

D
-th child of node9 .

We make a numberof changesto the algorithmof Fig-
ure 6. One is that we populatethe lnm cGbvo � 9 � setsrather
than the set  : In the initialization phase,for eachrule
u ���W�
¥H§Ü���
� + of thefirst kind andeachnode9 ,

lwm cGbdo � 9 � 5 "t$�utv § is trueon 9w0
In thewhile-loop,giventhatwe infer a new atom u � 9 � , we
addpredicateu to lnm cGbdo � 9 � ratherthan u � 9 � to  . This is
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now doneimmediatelywhen u � 9 � is inferredandputonthe
queue- , ratherthanlater, whenit is takenoff - . (This is
necessarybecausedependingon the way u � 9 � is inferred,
9 mayhave to besplit into two nodes).

In the following, we say that two nodes9 and : are
equivalent if lnm cxbvo � 9 � "ylnm cGbdo � : � and �Up DUqur ê�¼ ��� 9 � "
�Up DUqur ê�¼ ��� : � . (Thatis, �%p DUqsr ê�¼ ��� 9 � and �Up DUqsr ê�¼ ��� : � have
the samenumberof elements

�
and �%p DUqsr ê�¼ ��� 9 � » D ½ and

�Up DUqur ê�¼ ��� : � » D ½ denotethe samenodes– rather than just
equivalentnodes– for all

J � D � � .)
We definea functionmake(9 , u ) which

– copiesnode 9 to a new node 9�U (including the list
children

� 9 � ),
– addspredicateu to lnm cGbdo � 9�U � , and

– returns9�U if no node : equivalent to 9�U exists in the
instance(otherwise,it deletes9VU againandreturns: ).
Let < be the nodereturned. Then, “make” alsoputs
u � < � onto - .

If a copy 9�U is returned,the 9 entriesin thedatastruc-
ture 132$4 5 (to find thosein constanttime,anadditional
datastructureis needed)arecopiedaswell.

For rulesof types2 and3 in thefirst for-loop insidethe
while-loop,wedistinguishfour cases.

caseu ���
�
¥ u ¨ ��� ¨ �h© First-Child
��� ¨ ) �W� + :

if uF¨�=zlnm cGbdo � 9 � and9 is not a leaf then
children(9 )[1] := make(children(9 )[1], u );

caseu ���
�
¥ uF¨ ��� ¨ �h© First-Child
��� ) � ¨ � + :

if uF¨�=zlnm cGbdo (children(9 )[1]) then
$

lnm cGbvo � 9 � 5 "{lnm cGbvo � 9 � �S$�uÊ0 ;
add u � 9 � to - ;

0
caseu ���
�
¥ u ¨ ��� ¨ �h© Next-Sibling

��� ¨ ) �W� + :
if uF¨�=zlnm cGbdo (children(9 )[

D
]) and

D[Z v children
� 9 � v then

children(9 )[
D ± J ] := make(children(9 )[

D ± J ], u );

caseu ���
�
¥ uF¨ ��� ¨ �h© Next-Sibling
��� ) � ¨ � + :

if u ¨ =zlnm cGbdo (children(9 )[
D
]) and

D[|?J
then

children(9 )[
DZ´ J

] := make(children(9 )[
Dw´ J

], u );

Thesecondfor-loophandlingrulesof type4 remainses-
sentiallyasin Figure6.

Given appropriatedatastructuresas we have assumed
themearlier, this modifiedalgorithmrunsin time

��� v �°v�®
v�v J v�v � , for the samereasonswhy the algorithmof Figure6
runsin time linearin thesizeof theoutputtimesthesizeof
theprogram.Notethattheinstancecanonly grow by split-
ting nodesandwill nevershrink;however, sincewe always

checkwhethera split is necessaryor whetheran existing
nodecanbere-used,theinstancede-compressesto at most
thesize

�1ÝØÞàßwá(� � ��Ý ®³v�v I v�v .
One differencehappensw.r.t. rules of form u ���W�E¥

u ¨ ��� ¨ ��©Sªb��� ) � ¨ � + In compressedinstances,theremaybe
severalpreviousnodesin

ª
now; assumethatthey areavail-

ableasalist
ª lZ' � 9 � , throughwhichwecaniterate.As each

stepaddsa new atomto - (andeachatomis only added
once),all iterationsof thefirst for-loopin totalonly account
for time

��� ��� ¤ � T �h´ T
�
.

Note that in this simpleform, the algorithmmay leave
somenodesin the instancethat areunreachablefrom the
root, and which needto be garbage-collectedin the end.
These“lost nodes”do not invalidateour claim about the
runningtime

��� v �°v*®(v�v J v�v � , asthey areaccountedfor by the
factor v �°v . .

C. Proofsof Section5

Proof of Proposition12: Let I be an instanceand 9~=t2 I

with
3 � 9 � "T:   n' :  [}� +,+,+4:   Ô )

where: ' )-+,+-+,)�:  =~2 I suchthat : @ �"E: @ ¢ ' for
J � D ��

. Thenwe have ä @ � mult
�
I
�

for
J � D � � . Let ä "

@
~ '
�
@ and p¬"P� log

� ä ��� .
In thetransformationfrom T

�
I
�

to B
�
T
�
I
���

, vertex 9 and
its ä childrenarereplacedby a subtreeS of height p with
ä leaves.We claim that in thecompressedbinary instance
M
�
B
�
I
��� " M

�
B
�
T
�
I
�����

, this subtreeS is compressedto a
subinstanceSU with

���4�Ê	
log
�
mult

�
I
�����

vertices.
To prove this claim, we assumewithout loss of gen-

erality that ä " ���
. If this is not the case,we can

simply add a dummy vertex :  ¢ ' and the let 3 � 9 � "
:È  n' +,+-+�:   Ô : ��� l   ¢ ' . ThenS is a completebinary treeof
height p . The

D
th level of S andSU consistsof all vertices

whosedistancefrom 9 (therootof S) is
D
.

We observethefollowing:

(1) Oneachlevel of S thereareatmost
�m��´RJ

bisimilarity
classesof vertices(i.e.,atmost

�m�¡´rJ
verticesthatare

pairwisenot bisimilar). Thuseachlevel of SU contains
at most

�m� ´~J
vertices.

(2) For
Ò �}çÜ��p , thefirst ç levelsof S contain

� é ¢ ' ´EJ
verticesalltogether. Thusthefirst ç levelsof SU contain
at most

� é ¢ ' ´~J vertices.

Now let ç "P� log
�4�/���

. ThenSU containsat most

��� é ¢ ' ´~J¿� ± � p ´ ç �����/� ´~J¿�
� ���/� ´~J¿� ± � log

� ä �h´ log
���F�����à�m� ´ J²�

" ���/� ´~J¿� ± log
ä � �à�m� ´ J²�
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" ���/�È´ J²� ± � log
�
mult

�
I
�����à�m�Ê´ J²���

" �����Ê	
log
�
mult

�
I
����� +

Thiscompletestheproofof theclaim.
Noting that,given 9 and3 � 9 � , it is easyto computeSU in

timelinearin thesizeof SU , thestatementof theproposition
follows. .

C.1. Ad Proposition15.
Let B lZ' be the transformationthat intuitively reverses

the translationfrom unranked into binary instancesand
identifieseach(non-auxiliary)nodeof B

�
T
�

with thenode
of T that it originatesfrom. We assumethat the schema
of B

�
T
�

containsa predicate2 T thatselectsthenodescor-
respondingto the orginal nodesof T, but not the auxiliary
nodesintroducedto obtainabinarytree.

Lemma 34. Let � be a TMNF program. Thenthere is a
TMNFprogram � U such that for all tree-instancesT,

��� ¤ � T � " B lZ' � $²u � 9 � =Ç� ¤�8� � B � T ��� v�ut= IDB
� � � 0 � +

�ÊU can be computedsimultaneouslyin logarithmic space
andlinear time.

Proof of Lemma34: We have to translateall occurrences
of thepredicatesencodingthetreestructure(i.e., theunary
predicatesRoot and Last-Sibling and the binary predi-
catesFirst-ChildandNext-Sibling) to obtainthecorrectbe-
haviour overbinaryinstances.

The Root predicateremains the same on binary in-
stances.Thebinary-instanceversionof Last-Sibling(called
Bin-Last-Siblingbelow) can be definedby the following
fixedprogram:

Auẍ
���
�¦¥ 2 T ���W� +

Aux' ���
�¦¥
Auẍ

��� ¨ �h©
Second-Child

��� ¨ ) �
� +
Aux�

���
�¦¥
Auẍ

��� ¨ �h©
Last-Sibling

��� ¨ � +
Aux' ���
�¦¥

Aux�
��� ¨ �h©

First-Child
��� ¨�) �W� +

Auẍ
���
�¦¥

Aux' ���
�Z© 2 T
���
� +

Bin-Last-Sibling
���
�¦¥

Aux' ���
�Z© 2 T ���
� +
Bin-Last-Sibling

���
�¦¥
Root

���W� +
The ideaof this encodingis to start at a parentnodeand
to find its last child by following the rightmostedge-path
down, moving to thesecondchild wheneveroneexistsand
only otherwisemoving to thefirst child.

As all IDB predicateshave to beunaryandwe thuscan-
notdefineabinaryrelationasapredicate,wehaveto rewrite
rulescontainingbinarypredicates.Therearefour cases;we

discusstwo (the “forward” casesusingTMNF rulesof the
secondkind); theremainingtwo canbeencodedsimilarly.

Considertherule

u ���
�
¥ uF¨ ��� ¨ �h© First-Child
��� ¨�) �W� +

In thebinaryversionweessentiallyhaveto saythat
�

is the
first First-Child-descendentof

� ¨ suchthat 2 T ���
� holds.
Therefore,we replacethis rule by thefollowing. Note that
for everyrulewehaveto introduceanew predicateAux-uF¨ .

Aux-uF¨ ���
�¦¥ u/¨ ��� ¨ �h© First-Child
��� ¨¿) �
� +

Aux-u ¨ ���
�¦¥
Aux-u ¨ ��� ¨ �h© 2 T

��� ¨ �h©
First-Child

��� ¨�) �W� +
u ���
�¦¥

Aux-u/¨ ���
�Z© 2 T ���W� +
Accordingly, weproceedfor a rule

u ���W�
¥ uF¨ ��� ¨ �1© Next-Sibling
��� ¨�) �
� +

whereweessentiallycheckif
� ¨ is aLast-Sibling, andif so,

we move to its parentif thatparentis not in 2 T. Oncewe
have founda non-Last-Siblingnode,we go to its next sib-
ling, andfrom therefollow theFirst-Childpathdown. We
selectthe first nodein 2 T we encounter. In particular, we
replacetheaboverule by thefollowing programfragment:

Aux' - u ¨ ���
� ¥ u ¨ ��� ¨ � +
Aux� - uF¨

���
� ¥
Aux' - uF¨ ���
�h© Last-Sibling

���
� +
Auxî - uF¨ ���
� ¥

Aux� - uF¨
��� ¨ �1© First-Child

��� ) � ¨ � +
Auxî - u ¨ ���
� ¥

Aux� - u ¨
��� ¨ �1© Second-Child

��� ) � ¨ � +
Aux' - uF¨ ���
� ¥

Auxî - uF¨ ���
�h© 2 T
���
� +

Aux5 - u ¨ ���
� ¥
Aux' - u ¨ ��� ¨ �1© First-Child

��� ) � ¨ � +
Aux� - uF¨ ���
� ¥

Aux5 - uF¨ ��� ¨ �1© Second-Child
��� ¨¿) �
� +

Aux� - uF¨ ���
� ¥
Aux� - uF¨ ��� ¨ �1© 2 � ��� ¨ �h©
First-Child

��� ¨ ) �W� +
u ���
� ¥

Aux� - uF¨ ���
�h© 2 T ���
� +
It is easyto seethat this transformationcanbe donein

logarithmicspaceandlineartime. .
Proof of Proposition15: For TMNF, theresultfollows im-
mediatelyfrom Lemma34, which makesan evenstronger
statement(namelythat thetranslationcorrectlyencodesall
IDB predicatesof � , not justa singlequerypredicate).

For MSO, we candirectly take theencodingof a binary
predicateB in TMNF anddefinea new binaryrelation � K
in MSO with two free variables. In order to do that, we
simply take theprogram��� encodingrule ê :

u ���
�
¥ u/¨ ��� ¨ �h©¬ªb��� ¨�) �W� +
andinterpret

¥
and

©
asimplicationandlogical conjunc-

tion in MSO.Let
!� 5 " IDB

� ��� � and
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� K � !� � 5 " $tg !� 5 êÇvÂêÇ=¬� 7 Ó Ö K Ö 7 )
!�

consistsof thevariablesin êm0
Now,

� K ��� )�À � 5 "�g !� ��� =ru ¨ © � K � !� ��� 6 Àq=ru +
Given the TMNF program � Last-Sibling encoding

Last-Sibling through the IDB predicate u , we proceed
as above to obtain the FO-formula � Last-Sibling. Let!� 5 " IDB

� � Last-Sibling
�
. We define

� Last-Sibling
���
� 5 "{g !� � Last-Sibling

� !� � 6 � =^u +
By replacingall occurrencesof First-Child, Next-Sibling

and Last-Siblingusing the unary and binary relationsde-
fined in this way, we obtain the desiredtranslatedMSO
query. .

C.2. Experimental Resultson Binary Instances. To as-
sessthe meritsof our framework for binary structures,we
have extendedtheXML compressionmoduleof theXPath
queryenginediscussedin [6] to createbinarystructuresin
theway discussedin Section5. We have run this compres-
soron a numberof standardcorpora(see[6]). Thebench-
markresultscanbefoundin Figure11. This tableis inter-
pretedasfollows.

– The first (left-most) column provides the nameand
sizeof thecorpus.

– Thesecondcolumnstatesthe numberof nodesin the
XML tree. (Subtractone to obtain the numberof
edges.)

– The third and fourth columnsprovide the numberof
nodesandedgesin theinstancecompressedusingjust
bisimilarity, respectively.

For eachcorpus,we presentin two rows

– in the upperrow, the sizeof the compressedin-
stancewhenXML nodetagswereignored(i.e.,
only thebaretreestructureis compressed,with-
out any labelinginformation)and

– in the lower row, the sizeof the compressedin-
stancewith all XML nodetagsinserted.

– Columns5 and6 reportthesizeof theinstance(nodes
andedges,respectively) compressedusingedgemulti-
plicities.

– Finally, columns7 and8 statethesizeof the instance
(nodesandedges,respectively)compressedasabinary
instance.

Our experienceswith the prototypeimplementationof
[6] arethatin orderto achievegoodqueryperformancewith
unrankedinstances,in thedatastructureswecomeupwith,
theamountof memoryrequiredfor anodeis approximately
the sameasfor an edge. Thus, to estimatethe sizeof an
unrankedinstance,onebestaddsup thenodeandtheedge
countof theinstance.

We observe that binary instancescompressquite well;
the compressionseemsto comparethe morefavorably the
larger the corporaget. Togetherwith the fact that binary
instancescan be representedmore efficiently in memory
(the datastructuresrequiredto representnodesandedges
have onedegreeof freedomlessthanunrankedinstances–
eachnodeonly needstwo fixed-sizepointersto children,
ratherthanan associatedadjacency list), binary instances
seemto bean interestingalternative to unrankedinstances
compressedusingmultiple edges.

D. Proofsof Section6

Proof of Theorem18: For the forward direction(i.e., that
for everyunaryMSOquerythereexistsanequivalentSTA),
weusethewell known factthataclassof binarytreesis de-
finable in MSO if and only if it is recognisableby a tree
automaton[9, 28]. It implies that for every MSO-formula
i � � � of vocabulary !I� $ First-Child) Second-Child0 for
someschema! thereis a binary !q�r$�� 0 -treeautomaton
ï�� suchthat for all binary ! -tree instancesT and for all
subsets

§ MC2 T we have
�
T ) §Ü� v "�i � � � `a ï � accepts

�
T ) §Ü� +

Here
�
T ) §Ü� denotesthe expansionof T to the !R�#$*�~0 -

instancein which � is interpretedby
§

. Now let � ���
� be
an MSO-formulawith one free variable

�
. Let i � � � "

g �
� � ���
� 6 � �W� . Then

� � T � " $ § MC2 T v � T ) §b� v "�i � � � 0²+
Supposeï � " � �Ê) ��ö*� Ð�� Ñ ),ñ
)-ò � . Let ï be the selecting
! -treeautomaton

� � O $ Ò ) J 0�) ��ö ),ñ O $ Ò ) J 0�),ò*Up),� O $ J 0 � ,
whereò*U is definedby

ò U ��� ìõ'8)��/' � ) � ì � )�� �
� )%# � "

ò � ì ' ),ì � )%#
� O $ Ò 0 � ò � ì ' ),ì � )%#[�q$*�~0

� O $ J 0
for all ìÂ',),ì � =�� , �/'*)�� � =�$

Ò ) J 0 , ##= ��ö (similarly for
ò � # � and ò U � ì{)"# � ). Thenacceptingrunsof ï on a treeT
correspondto acceptingrunsof ï�� on expansions

�
T ) §Ü�

of T. Therefore,

ï � T � " $ § Mt2 T v�ï�� accepts
�
T ) §Ü� 0Ê"E� � T � +

For theconversedirection,let ïi" � �Ê) ��ö )-ñ
),ò8)-& � bea
! -STA with �N"c$�ìõ'*),+-+,+-),ì  0 . A run ù of ï on a binary
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bisimilarity only edgemultiplicities binaryinstances insert
v�2 T v v�2 M � T� v v�; M � T� v v�2 M � T� v v�; M � T� v v�2 M � T� v v�; M � T� v tags?

SwissProt 10,903,569 83,427 1,731,391 83,427 792,620 352,185 683,153
´

(457.4MB) 85,712 1,751,930 85,712 1,100,648 371,650 721,429 ±
DBLP 2,611,932 321 272,573 321 171,820 72,020 143,951

´
(103.6MB) 4,481 379,524 4,481 222,755 114,000 227,470 ±
TreeBank 2,447,728 323,256 909,875 323,256 853,242 504,759 966,591

´
(55.8MB) 475,366 1,315,645 475,366 1,301,690 783,177 1,505,197 ±
OMIM 206,454 962 25,173 962 11,921 8,430 16,744

´
(28.3MB) 975 25,173 975 14,416 8,549 16,949 ±
XMark 190,488 3,642 28,901 3,642 11,837 9,292 17,238

´
(9.6MB) 6,692 39,180 6,692 27,438 15,080 27,329 ±
Shakespeare 179,691 1,121 40,855 1,121 29,006 15,806 31,381

´
(7.9MB) 1,534 48,385 1,534 31,910 18,022 35,688 ±
Baseball 28,307 26 665 26 76 104 199

´
(671.9KB) 83 1,378 83 727 469 834 ±
TPC-D 11,765 15 357 15 161 196 378

´
(287.9KB) 53 361 53 261 303 507 ±

Figure11. Degreeof compressionof benchmarkedcorpora(tagsignored:“
´

”; all tagsincluded:“ ± ”).

! -treeinstanceT canbedescribedby a tuple
�4§ ' )-+,+-+,) §  �

of subsetsof 2 T, where 9?= § @ if ù � 9 � "Nì @ . It is easy
to definea first-orderformula i � �R',),+-+,+8)4�  � sayingthat� � ' )-+,+,+-)��  � describesanacceptingrun. Then

� ���
� "�gV�^'1+,+-+�gV�  i � �^'*),+-+,+-)��  � 6
@� T z{|
� @
�

definesthesamequeryas ï . .
Proof of Corollary 19: Theorem18 implies that the nega-
tion of a query definedby an STA can also be defined
by an STA. Let � " � �Ê) ��ö )-ñ
),ò8)-& � be an STA defin-
ing the negation of the query definedby ï . Let ï£U�"� �Ê) ��ö ),ñ
)-ò8),����& � . It is easyto seethat ï£U hasthedesired
property. .
Proof of Proposition21: Let ïH" � �Ê) ��ö ),ñ
),ò,),& � be an
STA andT abinary ! -treeinstance.

For every ÷=t2 T, let reach
� ÷ � be the setof all statesì

suchthat thereis a run ù of ï on T with ù � ÷ � "Nì . The
statesin reach arecalledthe reachablestatesat ÷ . Clearly,
the mappingreach 5 2 T 6 � ó

canbe computedin time���  î 	���� in abottom-uppassof thetree.
For every ÷S=�2 T, let succ

� ÷ � be the setof all statesì
suchthatthereis anacceptingrun ù of ï on T with ù � ÷ � "
ì . The statesin succarecalled the successfulstatesat ÷ .
Observethat

succ
� ê*]^]¯÷ T � " reach

�
rootT

� Ä¬ñ
)
andthatfor a siblings÷Â'*)�÷ � =r2 T with parent÷�=R2 T,

succ
� ÷Â' � "t$�ìõ'�= reach

� ÷Â' � v

ÆVì � = reach
� ÷ �
� )-ì[= succ

� ÷ � 5 ì[=rò � ì ' )-ì � )Âð
� ÷ ��� 0²+

succ
� ÷ �
�

canbe obtainedanalogously. Similarly, succ
� ÷ ' �

canbe obtainedfrom succ
� ÷ � for an only-child ÷Â' . Using

this, it is easyto seethat given reach, the mappingsucc 5
2 T 6 � ó

canbecomputedin time
���  î 	���� in a top-down

passof thetree.
Theverticesin ï � T � arepreciselythe ÷Y=T2 T for which

succ
� ÷ � MC& . .

Proof of Theorem23: We proceedason treeinstances:In a
first bottomuppasswecomputethesetsof reachablestates
at all vertices,andin a second,top-down passwe compute
thesuccessfulstates.Theproblemis thata reachablestate
ì#= reach

� 9 � may be successfulon somepath from 9 to
theroot andnot successfulon someotherpath. If this hap-
pens,we have to createa copy 9VU of vertex 9 andput ì into
succ

� 9�U � , but not into succ
� 9 � (or vice versa).In theworst

case,wehaveto createacopy of everyvertex for everysub-
setof thestatespace,which explainswhy therunningtime
is exponentialin  .

Let usmake this precise.Let ï�" � �Ê) � ö ),ñ
),ò,),& � bea
! -STA andI a binary ! -instance.Let T " T

�
I
�

bethetree
instancebisimilar to I. Recall that

s 5 2 I 6 � ¹ T � I�
maps

eachvertex 9Ã=R2 I to thesetof verticesof T it corresponds
to.

For every ÷�=^2 T wedefinethereachablestatesreach
� ÷ �

andsuccessfulstatessucc
� ÷ � at ÷ asin theproof of Proposi-

tion 21. Sincereach
� ÷ � only dependson thesubtreebelow

÷ , for all 9Ã=R2 I, ÷,)�÷�U�= s � 9 � wehavereach
� ÷ � " reach

� ÷�U � .
Let reach

� 9 � " reach
� ÷ � . Observethatthemappingreach 5
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2 I 6 � ó
canbecomputedin

���  î 	p��� in abottom-uppass
of theinstanceI. (Compressiondoesnot matterhere.)

However, theremay be 9>=i2 I, ÷,)4÷�U[= s � 9 � suchthat
succ

� ÷ � �" succ
� ÷�U � . For 9S=^2 I we let

· � 9 � " succ
� ÷ � võ÷³= s � 9 � +

In thetop-down passover theinstanceI we computea new
instanceJ andmappings� 5 2 J 6 2 I andsucc 5 2 J 6 ��ö
suchthat:

(1) J is bisimilar to I,

(2) For all :c=}2 J we have :Kd�� � : � andthus
s � : � "s � � � : ��� .

(3) For all : =K2 J and ÷#= s � : � we have succ
� ÷ � "

succ
� : � .

(4) For every 9�=�2 I and every � =i· � ÷ � thereexists
exactly onevertex :è=%2 J suchthat � � : � "Q9 and
succ

� : � "T� .

We start by creatinga vertex rootJ and let succ
�
rootJ

� "
reach

�
rootI

� Äqñ and � � rootJ
� " rootI.

Now supposethat : is avertex of : thatwehavealready
created,andlet 9Ã">� � : � , and�x" succ

� : � . Furthermore,
supposethat 9 haschildren 9 ' an 9 � andthat we have not
yet createdany childrenof : . Let

�^'³"C$²ìÂ'¡= reach
� 9F' � v�ÆVì � = reach

� 9 �
� ),ì =\� 5

ì[=rò � ì ' )-ì � )õð
� 9 ��� 0�+

Thenfor all ÷�= s � : � with children÷ ' and÷ � wehave � ' "
succ

� ÷Â' � . To seethis, note that reach
� ÷Â' � " reach

� 9F' � ,
reach

� ÷ �
� " reach

� 9 �
�
, succ

� ÷ � "�� , andrecall the cor-
respondingclaim in theproof of Proposition21.

If therealreadyis a vertex : ' =~2 J suchthat � � : ' � "
9F' andsucc

� :Ü' � "Q�^' , we make :�' the first child of : .
Otherwise,we createa new vertex : ' , let � � : ' � "}9 ' and
succ

� :Ü' � "e�^' , and make :�' the first child of : . The
secondchild of : is createdanalogously. If thevertex 9r"
� � : � only hasonechild, we proceedsimilarly.

With anappropriatedictionarydatastructurethatstores,
for eachvertex 9S=^2 _ , thesetof all pairs: with � � : � "T9
andallows, given � , to find the : with succ

� : � "%� (if
it exists) in time

���  � , thechildrenof a vertex of : canbe
createdin time

���  î � . SinceJ hasatmost
����	Ø�

vertices,the
overallrunningtimeto computeJ andsuccis

���  î 	 ����	 ��� "������� ¢ î log ��	���� .
Theoutputof thealgorithmis J togetherwith thesetof

all vertices9q=r2 J with succ
� 9 � Mt& . .

Proof of Theorem26 (Sketch): For the upperboundsre-
call that the tree-instanceT

�
I
�

hassize � �1Ý ¹ I Ý
. To decide

whetheriP"CÆ !��� � !� � holds,weguess
�

sets
J
@ andcheck

whetherT
�
I
� v "�� � !J � . This canbedonein thestraighfor-

wardway in time
��� v�v T � I � v�v ÝØÝ �1ÝØÝ�� " �����1ÝØÝ �FÝØÝI�ØÝ ¹ I Ý��

.
In caseof full MSO,we usethestandardPSPACE algo-

rithm on T
�
I
�

[29], which, in total, yields EXPSPACE as
upperbound.

For the hardness,assumethat � is a fixed nondeter-
mistic Turing machinewith an NEXPTIME-completeac-
ceptanceproblem (such a machineexists). We assume
that � hasalphabet�«"X$�# ' )-+,+-+,)%#���0 andworks on in-
put : =�� . in time

� . Ô ´�J , for some
�_B J

. Let
� "�$�ìõ'*)-+,+,+,),ì   0 be the statespaceof � . Then con-
figurationsarewords 9#=�� 7 ��� ¢ of length

� . Ô meaning
thatif 9 @ =I� then � is in stateì�"�9 @ andcurrentlyread-
ing the

D
th cell of its (input/work) tape(or equivalently, �

reads9 @ ¢ ' ).From input : =�� . for � we constructa binary in-
stanceI with v�2 I v�" �����  � andan Æ MSO-formula � with
v�v��
v�v/" �(������ suchthat � accepts: if f T

�
I
� v ">� . Let I be

thestructurefrom Figure10 with pathsof length
� 	¯�( ± J

andlet T denoteits treeversionT
�
I
�
. NoteherethatT has

exactly
� � � . Ô " � . Ô 	,� . Ô leaves.

Recall that elementsof T are edge-paths.We call ev-
ery node ÷°= T, where÷ is a

�(
-lengthedge-path,a base.

Thereare
� . Ô basesandeachsubtreerootedat a basehas� . Ô leaves. Leavesandbasesareeachtotally orderedby

thelexicographicorderingof therespectiveedge-paths(the
first digit is themostsignificantone).For convenience,we
denoteboth of themby � . For

Ò � D � � . Ô ´tJ , by ÷ ��D-�
wedenotethe

D
-th baseof 2 T. Analogously, let ÷ �{��D-� betheD

-th leaveof thesubtreerootedat base Y=^2 T.
There is an FO-formula i ��� )�À � with v�v i ��� )�À � v�v "����� � m� suchthat T v " i � ÷,)�÷�U � if f ÷�U is the direct succes-

sorof ÷ (w.r.t. � ). For that,wesimplyguesstwo pathsfrom
theroot to ÷ and÷�U andcheck,if theedge-pathslinking them
aredirectsuccessors.Analogously, wecandefineaformula
i ��� ',)�À1'8) � � )�À �

�
sayingthat

� ',) � � arebases,À1' andÀ � are
in T¡ n , T¡ } resp. andthe pathfrom

�
� to Àh' is the direct

successorof thepathfrom
� ' to À � (w.r.t. � ).

Recall that Y � , for a  G=�2 T, denotesthe subtreeof T
rootedat  . We encodea configuration9i=¢� 7 ��� ¢ (of
size

� . Ô ) relative to base asthe
� äæ± qË� -tuple

!�NMe2 T�
suchthatthefollowing conditionshold:

(1) if ÷�=r�8£ for some
D
, then÷ is a leaf

(2) if 9 @ =r� then÷ �{��D,� =R� £ if f 9 @ "Cì £ , ( ¤Ç" J ),+-+,+,)4ä )

(3) if 9 @ =�� then ÷ �{��D-� =~� £ if f 9 @ "¥# £ l   , ( ¤R">ä�±J )-+,+-+8)�ä_± q )
From now on we do not distinguishexplicitly between

configurationsand their encodings. It is straightforward
to defineFO-formulas� ��¦�§ � ¦ � !��) �W� and � §8��� � !��) �
� , which
hold, if

�
is a baseand

!� relative to
�

is the start config-
urationor a acceptingconfiguration,respectively. The in-
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tentionbehindthesedefinitionis to guessatuple
!� overthe

leavesof T andto check,whethertheconfigurationsrelative
to thebasesin T form anacceptingrun. Hereit is crucialto
observe that i ��� ' )�À ' ) � � )4À �

�
allows usto identify consec-

utive positions(À ' )�À � ) in two differentconfigurations(rel-
ative to

� '*) � � ).
Next, we define � . D ¡ ¦ � !�}) � )�À � , which essentiallysays

that
�

and À are basesand direct � -successors,and that!� relative to
�

and
!� relative to À are configurations.

We let denotetheseconfigurationsby � ¡ and �9¨ . Now
�h. D ¡ ¦ � !�}) � )�À � saysthat �9¡ “equals” � ¨ , or that we can
passfrom � ¡ to �9¨ in asinglestep.In particular, thismeans
that thereare

D � �  , ¤G�Eä suchthat ÷ ¡ ��D,� =R��£ , i.e. in
configuration�9¡ we have the situationthat � is state ì £
andreadsletter #�� (� suchthat ÷ ¡ ��D ± J²� =Ã�  �¢ � ). Since,
using i , we areableto directly adresssuccessorsof ÷ ¡ ��D-�
and ÷ ¨ ��D-� , it is easyto devisea formula �FU � !��) � )4À � saying
that the neighborhoodsaround÷ ¡ ��D-� and ÷ ¨ ��D,� conformto
thetransitionrelationof � .

Thesoughtformulanow looksasfollows. Let

�I"CÆ !� � ��¦�§ � ¦ � !��) ÒF�1© � §8��� � !�}) J²�4©
g bases

� )4À � i ��� )�À � 6 �w. D ¡ ¦ � !�~) � )4À ��� )
wherewe use

Ò
and

J
to denotethefirst andlastbasew.r.t.

� , respectively. It is easyto seethat � behavesasit is sup-
posedto. More precisely, it statesthat thereis a sequence
9F'*),+-+,+-)�9 � o

Ô of configurationssuchthat 9F' , 9 � o
Ô is a start-

ing, acceptingconfiguration,respectively. Furthermore,it
statesthat for each

D©ZQ� . Ô either 9 @ ¢ ' is equalto 9 @ or a
directsuccessorof 9 @ (herew.r.t. thetransitionrelationde-
finedby � ). Together, this meansthat � on input : has
anacceptingrun.

Thesizeof � is boundedby
�(�£����

, causedby thesubfor-
mulasneededto identify � -successorsof leavesandbases.
The remainingsubformulassolely dependon the (fixed)
machine� . .
Proofof Proposition29: This followsfrom thefactthatev-
ery MSO-queryis definableby a monadicdatalogprogram
[14], Theorem18,andthepreviousexample. .

Note that if ï�" � �Ê)õð�),ñ
),ò,),&w)Âj � is a ! -WSTA andT
a binary ! -treeinstance,then j inducesa partial orderon
therunsof ï on T, which we alsodenoteby j , andwhich
is definedby ùqjIù U if ù � ÷ � j#ù U � ÷ � for all ÷�=R2 T.

Lemma 35. Let ïE" � �Ê)õð�),ñ
)-ò8),&w)Âj � bea ! -WSTA.Then
for everybinary ! -treeinstanceT there is a uniqueminimal
run ù min of ï onT with respectto theorder j on theruns.

Moreover, if ï acceptsT thenù min is an acceptingrun,
and

ï � T � "t$�÷³=R2 T vÂù min
� ÷ � =r&£0²+

Proof: In a straightforwardbottom-upfashionwe cancon-
struct for any two runs ùh)�ùVU of ï on T a run ù�U U suchthat

ù�U U\jcùh)�ùVU . Sincethereareonly finitely many runs, this
impliestheexistenceof auniqueminimal run.

If thereis someacceptingrun ù , thenall runs ù U jcù
arealsoaccepting,becauseñ is downwardclosed.Thusin
particular, ù min is accepting.ï � T � "�$�÷Ü= 2 T vVù min

� ÷ � =
&£0 follows from the fact that & is upward closedw.r.t. j ,
which impliesthatfor runsùqj#ù�U , everyvertex selectedby
ù is alsoselectedby ùVU . .
Proof of Theorem 30 (Sketch): We essentiallyproceed
as in the proof of Theorem23 using Lemma 35 to re-
strict attentionto successstatesinsteadof successsets.Let
ï�" � �Ê)Âð�)-ñ
),ò8)-&w)-j � be a ! -WSTA and I a binary ! -
instance. Let T " T

�
I
�

be the tree instancebisimilar to
I. For ÷Ü=>2 T define m cGªv« f � ÷ � and

o 2 «x« � ÷ � asbefore.Fur-
thermore,let

o 2 «G« U � ÷ � betheminimalstateof
o 2 «G« � ÷ � (w.r.t.

j ) and let ·£U � 9 � "�$ o 2 «G« U � ÷ � vÉ÷Ã= s � 9 � 0 . We proceed
asin thecaseof generalSTAs, but computeminimal states
insteadof setsof states.By thepreviouslemmathis is suf-
ficient to determinethesoughtresult.

Again we start with a bottom-up pass computing
reach

� ÷ � for all ÷e= 2 T. Here note that m cGªd« f � ÷ � "
m cGªd« f � ÷�U � for all ÷,)4÷�U
= s � 9 � for anarbitrary 9G=#2 I. Then
we go top-down andgraduallycomputea new instanceJ
andmappings� 5 2 J 6 2 I and

o 2 «G« U 5 2 J 6 � thatsat-
isfy the conditions(1) to (4) with

o 2 «x« and · replacedbyo 2 «x« U and ·�U , respectively. Notethat,since ñ is downward
closed,ù � ÷ � 5 " o 2 «G« U � 9 � for ÷�= s � 9 � is thesoughtminimal
acceptingrun ù of ï on T.

Westartby creatingavertex rootJ andlet
o 2 «x« U � rootJ

� "
m cGªd« f � rootI

� Äqñ and � � rootJ
� " rootI.

If : is a vertex of 2 J that has alreadybeencreated,
let 9 "¦� � : � and ìQ" o 2 «G« U � : � . Supposethat 9 has
children 9F',)�9 � and let �^'T"è$²ìÂ'I=¬m cGªd« f � 9F' � vÊÆVì � =m cGªd« f � 9 �

�
s.t. ìb=}ò � ìõ'8)-ì � )õð

� 9 � 0 . Let ìõ' betheminimum
of � ' .

Now we checkif thereis a :Ü'=>2 J with � � :�' � "t9F'
and

o 2 «x« U � : ' � "Cì ' . If so,we make : ' thefirst child of : .
Otherwise,wecreateanew :Ü' in J anddefine� � :Ü' � "I9F' ,o 2 «x« U � :Ü' � ">ìÂ' andmake this :Ü' thefirst child of : .

Now weseethatfor all ÷�= s � : � with children÷Â'*)4÷ � we
have ìõ'Ê" o 2 «G« U � ÷Â' � . This shows that theprocedureyields
the intendedresult. Thenwe proceedanalogouslyfor the
secondchild 9 � .

But in contrastto thegeneralcase,now wecreateatmost
 new verticesfor onevertex in I, hencewehaveatmost  	 �
verticesin 2 J.

An ad-hocimplementationyieldsan  5 factor. This can
be improved as follows: at eachnode 9%=�2 I with chil-
dren 9 ' )�9 � we computethesetsXMm c% � 9h),ì � "Q$²ì ' v(Æ�ì � =m cGªd« f � 9 �

� ),ìE=eò � ìõ'*)-ì � )Âð
� 9 ��� 0 . Note that this set coin-

cides with � ' , computedfor ì�" o 2 «x« U � : � as defined
above.
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Analogously, wecomputethesetsXMm c"® � 9h),ì � . Notethat,
usingsuitabledatastructures,this canbe donein a single
loop over all tuples

� ìÂ',),ì � )Âð
� 9 � ),ì � =_ò , hencerequires���  î � stepsfor each 9]=_2 I. Then we simply look up

thesetablesto determinethe values
o 2 «x« U � ÷ � (we find the

minimumin
���  � steps).

Together, this givesthe
���  î 	���� timebound. .

Proof of Theorem31 (Sketch): Basically, we proceedas
in thebinarycase.Whencomputingthereachableandsuc-
cessfulstates,it is convenientto associatethemwith edges
of the instanceinsteadof vertices. For example,reach

� ¼ �
for anedge¼Y" � 9h)�: � representsthesetreach

� s � : ��� . The
reasonwe have to do this is that verticesmay play differ-
ent roles as children of different parents— they may be
thefirst child of some,but not for all parents.If we trans-
fer thealgorithmsin a straightforwardway, we obtainrun-
ning timesof

���à� � ¢ î log � 	 v�;�v � for STAs and
���  î 	 v�;�v �

for WSTAs, where v�;�v is thenumberof edgesof the input
instance. However, due to the compactrepresentationof
multiple edges,thesizeof the input instancemaybemuch
smallerthan v�;�v .

Let ï beanSTA andI aninstance.Consideranode< of
the input instanceI which hasoutgoingedges¼�'*)-+,+-+,),¼8. .
Suppose¼t¯²),+-+,+-),¼ � , for some

J �]ë Z ì Zc� , have the
sameendpoint9 , and ¼ ¯ l�' (if ë | J

) and ¼ � ¢ ' have an
endpointdistinct from 9 . Then in the adjacency list of < ,
edges¼U¯�)-+,+-+,),¼ � arerepresentedasa singleedgee of mul-
tiplicity êR" � ì ´ ë\± J¿� . Let : be thefirst child of 9 and
� the edgefrom 9 to : . Let

�
be the endpointof ¼ � ¢ ' ,

i.e., thenext sibling of 9 . Supposethatduringthecomputa-
tion of thereachablestateswe havealreadycomputedøi"
reach

� � � and ø U " reach
� ¼ � ¢ '

�
. To computereach

�
e
�
,

we not only have to simulateonestepof the computation
of the automatonï , but actuallya sequenceof ê stepsto
compute ø ' " reach

� ¼ � � ),ø � " reach
� ¼ � lZ' � )-+,+-+8),ø � "

reach
� ¼ ¯ � " reach

�
e
�
. Thecrucialobservationis thatsince

thereareonly
���

distinctsubsetsof thestatespace,thereareD°Z �r� ��� ¢ ' suchthat ø @ "]ø � . Of coursethis implies
thatfor all

�\BTD
we have ø  ">ø é for

çÊ" �4�Ê´ÃD-�
mod

� � ´GD-� ± D +
Thusoncewehavefound

D
and� , wecanstopthesimulation

andcomputeø�� by simplearithmetic.
Insteadof runningthissimulationeverytimeit isneeded,

we canpre-computea tablethatcontains,for all subsetsø
and ø¡U , thevalues

D
and � andthesetsøÈ',),+-+,+8)-ø � . Sucha

tablecanbecomputedin time
� î � . Of coursethetablethen

simplifiesthecomputationof themappingsreach andsucc,
becauseessentiallywe aredealingwith a deterministicau-
tomatonnow. .
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