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A
bstractInterpretations

ofG
am

es

P
erdita

S
tevens

Laboratory
for

F
oundations

ofC
om

puter
S

cience
D

ivision
ofInform

atics
U

niversity
ofE

dinburgh



�

M
otivation

U
sers

ofthe
E

dinburgh
C

oncurrency
W

orkbench
w

anted
to

be
able

to
w

ork
w

ith
non-finite-state

system
s:

�

value
passing

system
s

�

fam
ilies

ofsystem
s

w
ith

unspecified
num

bers
ofcom

ponents

�

real-tim
e

system
s?

�

early
and

late
variants

ofrelations

�

corresponding
logics

�

...

W
e

w
anted

a
pow

erful,generalw
ay

ofunderstanding
how

to
w

ork
w

ith
such

system
s,w

hich
on

a
practicallevelw

ould
also

save
effortin

C
W

B
developm

ent.



�

P
lan

�

P
revious

approaches
and

shortcom
ings

�

G
am

es
and

setgam
es

�

R
em

aining
shortcom

ings

�

A
bstractinterpretation

as
a

solution?

�

W
ork

in
progress

and
rem

aining
problem

s



�

S
tarting

points

Lots
ofw

ork
on

such
system

s.
U

sualapproach:

�

Take
a

system
and

a
class

ofquestions
ofinterest

�

D
efine

an
abstraction

ofthe
system

�

P
rove

thatthe
abstraction

gives
the

sam
e

answ
er

as
the

originalsystem
on

the
class

ofquestions

�

W
ork

w
ith

the
abstraction

T
he

m
ostinteresting

generalapproach
w

as
thatby

H
ennessy

and
others

on
sym

bolic
transition

graphs.



�

Typicalapproach
to

equivalence
ofinfinite

processes

h
o

rrib
le

in
fin

ite
p

ro
cess

n
ice

fin
ite

so
u

n
d

ab
stractio

n

fin
d

 relatio
n

 b
etw

een
 th

ese

h
o

rrib
le

in
fin

ite
p

ro
cess

n
ice

fin
ite

so
u

n
d

ab
stractio

n

w
an

t relatio
n

b
etw

een
 th

ese



�

W
ires

as
plays

ofgam
e

A
llthe

problem
s

w
e’re

interested
in

can
be

seen
as

tw
o-player

gam
es:

one
player

(� loise)
w

ants
the

answ
er

to
be

Yes,the
other

(� belard)
N

o.

A
w

inning
strategy

for
the

gam
e

is
a

proofobjectdem
onstrating

the
answ

er.

G
am

e
is

defined
by

set	
�
ofpositions,starting

position�

,w
ho

m
oves

from
each

position
(� 	
� �� �� �� ),rules

for
legalm

oves
( �

),and
rules

aboutw
ho

w
ins

(�� ,�� ...).
A

play
is

a
legalsequence

ofpositions.

F
or

exam
ple:

�

bisim
ulation

gam
e:

A
belard

positions
are

pairs
ofprocesses:

A
belard

chooses
a

transition.
E

loise
m

ustm
atch

from
the

other
process.

E
loise

w
ins

allinfinite
plays,and

a
w

inning
strategy

for
her

is
a

bisim
ulation.

�

m
odel-checking

gam
e:

positions
are

(process,form
ula)

pairs,w
inner

ofan
infinite

play
is

player
w

ho
ow

ns
the

outerm
ostfixpointunw

ound
infinitely

often,and
a

w
inning

strategy
is

a
tableau.
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B
isim

ulation
gam

e

� �
��������
 !
������ �

"$#
"

% �
��������
 !
��&���%

A
belard

has
a

w
inning

strategy:
e.g.

“choose�(')
* +,
-�

 !
�/.��� �

,then
follow

your
nose”.

� ��
%��0

� 
 !
�/.� � ��
%� ���/.�� .�

�0

� 
 !
�/.� � ��

 !
��&���%�

�0

� ��

 !
��&���%�

 !
�/.�� .�

N
ow

it’s
E

loise’s
turn,butshe

can’tgo,so
A

belard
w

ins.

E
loise

has
no

better
choices:

no
bisim

ulation
can

exist.



1

B
isim

ulation
setgam

e

Inform
ally,you

can
play

w
ith

sets
ofpositions.

F
or

exam
ple:

�� ��
%�
� !
2 3
�

in
this

case
a

singleton
set

�0

�� 
 !
�4 ��� ��
%� ���4 �� .�
�
45 �&�

the
crucialrestriction

�0

�� 
 !
�6 ��� ��

 !
� &���%�
�
6

even�
a

pointless
butlegalrestriction

�0

�� ��

 !
��&���%�

 !
� 2�� .�
�
2

even�

N
ow

it’s
E

loise’s
turn,butagain

she
can’tgo,so

A
belard

w
ins.D

etails
in

a
m

inute!



7

U
se

ofthe
setgam

e

In
the

C
O

N
C

U
R

paper
“A

bstractgam
es

for
infinite

state
processes”

Ishow
ed

�

(the
intuitively

clear
fact)

thatthe
sam

e
player

has
a

w
inning

strategy
for

the
setgam

e
as

for
the

originalconcrete
gam

e

�

thatstrategies
translate

nicely
(usefulfor

debugging)

�

thata
certain

algorithm
finds

w
inning

strategies
ifitterm

inates

�

thatitdoes
term

inate
under

certain
conditions

T
his

enabled
m

e
to

recapture
som

e
know

n
decidability

results,and
to

show
how

the
C

W
B

could
im

plem
enta

single
strategy-finding

algorithm
thatcould

easily
be

instantiated
to

solve
a

very
w

ide
variety

ofproblem
s.

S
o

far,so
good...



�8

R
em

aining
shortcom

ings

B
uttw

o
things

show
ed

this
w

asn’tthe
w

hole
story:

�

P
eople

asked
w

hatthe
relationship

w
as

w
ith

abstractinterpretation

�

T
he

C
O

N
C

U
R

referees
rightly

com
m

ented
thatitw

as
hard

to
follow

and
that

there
m

ustbe
a

better
w

ay
ofpresenting

it.

Intuitively
itseem

ed
thatthe

algorithm
w

as
constructing

an
equivalence

relation
on

the
setofconcrete

positions,and
hence

building

a
finite,butdetailed

enough,abstractgam
e

butthis
w

asn’tclearly
developed.

S
o

nextItried
to

m
ake

the
connection

w
ith

abstractinterpretation
explicitly,in

the
hope

thatthis
w

ould
lay

bare
w

hatw
as

going
on.

S
om

e
progress,and

som
e

possibly
interesting

observations
–

buthelp
needed!



��

A
bstractinterpretations

ofgam
es

S
tartw

ith
a

concrete
gam

e9;:

characterising
the

problem
.

S
uppose

w
e

have
(as

deus
ex

m
achina)

a
p.o.� 	
�=<

� >� and
abstraction

m
ap

?� 	
� :
-�	
�@<

.
W

rite #
A

for? �
?A .
F

or
sense,require?

to
be

such
that

pointw
ise

equivalentinfinite
plays

are
w

on
by

the
sam

e
player.

W
lo(useful?)g,	
�@<

consists
ofnon-em

pty
subsets

of	
� :

from
w

hich
the

sam
e

player
is

to
m

ove,and>
isB

.

E
xtend

to
abstractgam

e9 <

:

�� <�
?� � :�

� <�$C� �
 :�  � ,any 

w
ith? > C

.

V v
u

U

�C
�<
D

iff� A� ?A>
D � � ? > C

and 
�:
A

(andE F
G

som
ething

ifHEIKJ

).

F
or

sense,require?

to
be

s.t. 
�:
AL ? 
�<
?A .

E
xtend?

and>

pointw
ise

to
plays.

A
bstractplay	

subsum
es4

if?4 >
	 .

�

You
w

in
an

infinite
abstractplay	

iff	

subsum
es

som
e

concrete
play

w
on

by
you

and
no

concrete
play

w
on

by
the

other
player.



��

F
or

w
hatM

isNPO
detailed

enough?

T
he

follow
ing

conditions
on?

are
enough

for
a

strategy
transfer

theorem
:

i.e.
to

ensure
thatw

e
m

ay
soundly

play9 <

instead
of9Q:

:

1. 
�:
A #
ASRL � R# � R�A R

2. R# 
�:
AL �A R#
A� R�A R

T
U
V

W

W

TYX
U
V X

T
he

originalsetgam
e,the9 <

gotfrom

?� Z
��  �

is
certainly

detailed
enough:

butit’s
even

m
ore

com
plex

than9Q:
!

T
he

algorithm
starts

w
ith

an?[

(“shape”)
w

hich
is

finite,butnotdetailed
enough.

Ittries
to

constructsom
e

refinem
entw

hich
is

both
finite

and
detailed

enough.



��

Little
R

ed
W

orkbench
and

the
U

ndecidability
W

olf

O
bservation

from
C

W
B

:
decid-

ability
isn’t

very
interesting

for
toolbuilders.

G
iving

the
answ

er
never

is
in

no
w

ay
w

orse
than

giving
it

in
7

years’tim
e

or
after

using
7T

B
of

m
em

ory.

(A
nd

m
any

users
regard

unde-
cidability

as
no

excuse!)

P
icture

courtesy
ofT

he
Little

R
ed

R
iding

H
ood

P
roject

editor
M

ichaelN
.S

alda:
T

he
de

G
rum

m
ond

C
hildren’s

Literature
R

esearch
C

ollection,U
niversity

ofS
outhern

M
ississippi
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A
bstractinterpretation

ofw
hat?

a.i.
norm

ally
seem

s
to

talk
abouta.i.

ofa
program

.

B
uthere

w
e

have
no

distinguished
program

.

W
e

m
ay

have
tw

o
system

s
to

com
pare

–
neither

is
T

H
E

program
.

F
or

m
odel-checking,a.i.

approaches
have

norm
ally

m
ade

the
system

the
program

and
talked

abouta.i.
ofthat,leaving

the
form

ula
alone.

B
utthis

doesn’t
fitw

ellw
ith

pow
erfullogics,w

here
form

ulae
m

ay
also

need
to

be
abstracted.

Itlooks
to

m
e

as
though

a.i.
really

abstracts
a

problem
,and

it’s
justa

historical
accidentthatthe

problem
s

considered
have

norm
ally

concerned
a

program
.

B
utI’m

a
stranger

here.
D

oes
thatm

ake
sense?



��

W
ork

in
progress

and
outstanding

problem
s

In
progress:

�

Im
plem

entation
and

experim
entation

�

A
pplications:

for
exam

ple,observationalm
u-calculus

as
“assem

bly
language”

logic
for

tim
ed/value-passing

logics,m
odel-checked

by
abstract

gam
es.

(Jointw
ith

w
ith

Julian
B

radfield:
prelim

inary
paper

in
F

ixed
P

oints
in

C
om

puter
S

cience
98.)

A
reas

w
here

I’d
really

like
help

from
a.i.

experts:

�

W
hatexactly

is
the

relationship
w

ith
ideas

ofw
idening

and
narrow

ing?

�

C
an

a
better

understanding
ofthe

relationship
w

ith
a.i.

lead
to

better
algorithm

s,and/or
better

proofs
ofcorrectness?

�

Is
there

any
usefulnotion

ofapproxim
ation

or
partialansw

er?


