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Amalgamation of Transition Sequences in the
PEPA Formalism

Jane Hillston Joanna Tomasik

March 29, 2000

Abstract

This report presents a proposed formal approach towards reduction of
sequences in PEPA components. By performing the described amalga-
mation procedure we may remove, from the Markov chain underlying an
initial PEPA model, those states for which detailed local balance equations
cannot be formulated. This transformation may lead to a simpler model
with product form solution. Some classes of reduced models preserve those
performance measures which we are interested in and, moreover, the steady
state solution vector is much easier to find from the computational point
of view.

1 Introduction

Construction and solution of a large Markov chain corresponding to a model of
a real system is not a trivial task since the number of reachable states is very
large and transitions between them do not follow an easy pattern to predict.
The modeller faces problems of creating an infinitesimal generator matrix @ and
solving it whilst coping with limited time/space computational resources and
numerical precision. However, he may apply a tool to his work which takes
advantage of decompositionality of multidimensional Markov chains. He can
choose one of a variety of Stochastic Process Algebras (for example: PEPA [9],
TIPP [8], EMPA [2]) or the Stochastic Automata Network (SAN) method [15].
Despite the fact that none of the mentioned methods is versatile enough to allow
him to deal with an arbitrary model, some classes of models may be efficiently
treated with them. The advantage of the modular approach to defining a Markov
chain may be taken not only when writing its description (the modeller can look
at every sub-model separately) but also when solving it because possible state
reductions or even calculations may be performed for processes smaller than the
global one.



A class of models whose behaviour is particularly easy to express by behaviour
of some unimodal Markov chains, and whose steady state solution may be cal-
culated as a function of partial solutions of these elementary chains, is BCMP
models [1]. Fluxes between states of a Markov chain underlying a BCMP model
fulfil local balance equations, which are more convenient to formulate and to
solve than global balance equations. A direct consequence is that the solution of
the global Markov chain takes the form of a product of solutions of component
chains, multiplied by a normalisation factor. A restricted subclass consists of
models whose underlying Markov chains are reversible, i.e. their steady state
solution remains the same when the direction of time is reversed [11]. Unfortu-
nately, the BCMP class is not wide enough to cover more complicated models
which we are interested in.

If a modeller’s goal is to obtain some particular performance measures of a
system he investigates, he may transform the model into another one which has
a product form solution and the desired performance measure is either greater
or smaller than the value for the original model. In [7], van Dijk presents his
approach towards transforming an initial Markov chain into one which has prod-
uct form solution and for which a chosen performance measure is bounded from
above or below. It is proved in [10], for models expressed in PEPA, that a model
component made of sequential reversible input-output components which are ei-
ther birth-death or linear input-output or parallel input-output or symmetrical
branch-join components, is also reversible under the condition that elements of
a reverse pair belong to a cooperation set; hence it has a product form solution.
In [16] these two approaches are applied simultaneously to some examples in or-
der to find upper and lower bounds of an arbitrary chosen performance measure
of a model which does not have a product form solution. In this paper we want to
give a more formal description of transforming a Markov chain into another one
with product form solution at the PEPA component level. Our goal is to remove
Markov chain states for which detailed local balance equations are not satisfied
and to bound interesting performance measures using a new Markov chain.

The next section contains a short description of the PEPA formalism. In
Section 3 we present an existing method of reducing of sequences of activities
of the undefined type 7 and give conditions under which the procedure may be
done. Section 4 contains descriptions of formal tools we will use to perform
activity amalgamation and discusses how the amalgamation procedure affects
steady state probabilities in some cases.

2 Outline of the PEPA Formalism

Entities of Performance Evaluation Process Algebra (PEPA) [9] are termed com-
ponents. A component X can perform action a, a = (a, 1), a € Act(X), Act(X)
is a multi-set, where « is an activity type, a € A(X), and r is a transition rate



according to an exponential distribution, r € R*, and R is a set of positive
real numbers together with the symbol T indicating unspecified transition rate.
The set of types enabled in all derivatives of X, i.e. within the life cycle of X is

—

termed A(X). Components can interact by the use of the PEPA operations:
(,r).X, X+Y, XDY, X/H, =,

where L is a set of types over which cooperation between some components may be
performed, H C A(X) is a set of types which are replaced in the component X by
the undefined type 7. The listed PEPA combinators are named: prefix, choice,
cooperation, hiding, definitional equality, respectively. Alternatively, X I%)ﬂ Y
may be written as X||Y.

We define some terminology which we will use later in this paper.

Definition 2.1 The apparent rate of action type o in component X s denoted
ro(X) and is given by:

ral(8,7).X) = {g: ol | X HY) = a0+ ra)

ro(X), fad H ro(X) +ro(Y), ifag L
ro(X/H) = {0, ifac | EY) = {min(ra(X),m(Y)% ifael

For a cooperation, if «v is in the cooperation set, the slowest participant determines
the rate of the cooperation.

(CHY)
Definition 2.2 If X —— X, then X is a (one-step) derivative of Xo. More

(@0,70) (en—1,rn—1)
generally, if X, R Xq-- s X, then X, is a derivative of Xj.

Definition 2.3 The derivative set of a PEPA component X is denoted ds(X)
and defined as the smallest set of components such that

1. if X ¥ X then X, € ds(X),

2. if X; € ds(X) and there exists a € Act(X;) such that X; SN X; then
Xj € dS(X)

From the syntactic point of view, PEPA components are divided into two
groups, model components M and sequential components S:

S = (a,r).S | S+5| X
M == S|MXM]|MH

where X denotes a constant which is a sequential component.

In [10] the authors define some structures which allow them to detect whether
the Markov chain corresponding to a model is reversible. These definitions may
help us to make conclusions after having performed amalgamating transforma-
tions on a model.



Definition 2.4 A PEPA component P is said to enable a reverse pair (o, —a),

(a,r)
if (a,r) € Act(P) and for every («,r)-derwative P' (P —— P’), there exists

(—a, s) € Act(P') such that P is an (—a, s)-derivative of P', where r,s € R*.

Definition 2.5 A sequential PEPA component P, with initial component Py, is
an input-output component if

(or,r)
1. for all & € A(P), such that Py —— P} for some r, a forms part of the
reverse pair (o, —q),
(O‘ivT)
2. for all P; € ds(FP), for all o; € A(P;), such that P, —— P, for some r,
a; forms part of the reverse pair (o, —«;).

Definition 2.6 A PEPA component Py is a linear input-output component if
for every P; € ds(Fy) and for all Q such that P, - Q, P; and QQ communicate

exclusively via the actions a and —a such that P; BN Q and Q BN P;.

3 Weak Isomorphism and Insensitivity

The notion of weak isomorphism was introduced by Hillston in [9]. Two com-
ponents X and Y are weakly isomorphic if there is a component C' which is a
compact form of both X and Y components. A compact form C of the component
X is a F-image of ds(X), where F is a surjective function, F : ds(X) — ds(Y),
which amalgamates sequences of activities of undefined type 7 into one activity
of this type and sets a transition rate of the new activity in order to preserve
the mean passage time through the reduced sequence (Figure 1). The stochastic
process underlying the compact component C'is no longer a pure Markov process
because the distribution of the amalgamated sequence rate is not exponential.

a a a a a a

/r, )\1)/7, AQ)/T, Ag)/ i /T, A)/
R N NN

Figure 1: An example of reducible sequence in the X component and its compact
form

However, it may be proven ([9]) that the corresponding process is a Gener-
alised Semi-Markov Process (GSMP) which is defined as follows:



Definition 3.1 A Generalised Semi-Markov Process is a stochastic process de-
fined on a set of states S. Within each of these states s, s € S are active elements
o, 0 € X. A set of active elements is associated with a current state s. Fach
element of this set, o, indicates a lifetime with decays at the state dependent rate
r(o,s). Let X' NY* =0, Y'UX* =X, and o € X if the element o is an exponen-
tially distributed lifetime, o € X* if 0 is a generally distributed lifetime. When
the lifetime of an active element o expires, the process moves to a state 5 with
probability w(s,0,5). The sojourn time in a current state is hence determined by
the shortest lifetime of an active element and its termination forces other active
elements to suspend their activities, and in case of elements belonging to the set
3, recording residual lifetimes. A restriction which has to be introduced taking
into account behaviour of elements of the set X* is that no more then one active
element from X can be either launched or killed at the same time.

We are interested in computing a steady state probability vector of a process.
We could find it basing our calculations exclusively upon mean sojourn times in
the process states neglecting other moments of the general distribution if and only
if the process is insensitive. Matthes in [12] formulated a theorem, stated below
after [4, 9], which allows us to make the decision whether a GSMP is insensitive.

Theorem 3.1 The following two statements are equivalent:

1. The process in insensitive to the element of ¥*. That is, the distributions of
the lifetimes of the elements of 3* may be replaced by any other distribution
with the same mean, while still retaining the same equilibrium distribution.

2. When all elements of ¥* are assumed to be exponentially distributed (i.e.
Y. =Y'), the flux out of each state due to the death of an element of ¥* is
equivalent to the flux into that state due to the birth of that element.

In [4] Clark translates Theorem 3.1 into the PEPA formalism under the con-
ditions that a generally distributed activity may not synchronise with any other
activity and a synchronisation of sequential components may not lead to a state
where more than one sequential component newly enables a generally distributed
activity:

Theorem 3.2 The following two statements are equivalent:
1. The PEPA model in insensitive to each generally distributed activity a,

2. The purely Markov process (i.e. ¥ = Y'), has the property that for all states
s that enable transition a, the fluz into s enabling a is balanced by the flux
out of s due to the completion or disabling of a.



4 Amalgamation of Sequences

In this section we describe a transformation procedure for PEPA models. Firstly,
we define local sequences in PEPA sequential components building up a model.
Secondly, we decide which activity type should be chosen as a new one to la-
bel the amalgamated transition. Thirdly, we identify a surjective function which
describes the amalgamation procedure. Fourthly, we propose a classification, dis-
cuss computation of the new transition rate and give examples of local sequences
according to the introduced classifying scheme. Finally, we define a semi-input-
output linear component, analyse it to find out the impact of the amalgamation
procedure on the steady state solution of the reduced input-output linear com-
ponent and give an example of such a reduction in detail.

4.1 Local Sequences inside a PEPA Component

Firstly, we state the definition of an internal structure of a PEPA component
which destroys its potential reversibility.

Definition 4.1 A pair of activity types (ap, ag) is a local sequence in a compo-

nent Xo if and only if, for all X;,, X;,, such that X, X;, € ds(Xo), X, # X;
(ap,Tjy)

for which X;, o Xj, and X, is not a one-step derivative of any X, ex-

cept X, there exists exactly one X, X;, € ds(Xo), X;, # X,, such that

J32
(O‘SJ‘,' )
X, = X, and X;, is the only one-step derivative of Xj,.

27

In a local sequence (ap, ag) the activity type ap is termed the predecessor and
g is termed the successor.

Figure 2 depicts a local sequence in X, (7,ag). In this case the undefined
type 7 is the predecessor and ag is the successor. For the state X, we cannot
write a proper local balance equation 7xqkm = Tmgmr and we do not want to

include this state in our calculation. Consequently we replace the component X

(&R)
by another one, X', in which X7 —— Xj. The states X} and Xj are images of

X, and X; respectively in a transforming function. However, we have to decide
what type £ is and what is its transition rate.

4.2 Choice of Activity Type

The synchronising actions in a PEPA model cannot be of undefined type. The
independent actions of type with which no reward function are associated may
by hidden, i.e. their types may be replaced by the undefined type. In the case
when only one type of the local sequence (ap, ag) is a cooperating one, we pick
it as the type of the new transition.

In the case when both actions are either synchronised or independent we
assume that the succeeding activity type of a sequence absorbs the preceding



one. Our assumption is a direct result of an emphasis on observation. In [13]
Milner proves 7-laws in which he explains the behaviour of actions labelled with
undefined type 7. He states that action capabilities which are available for a com-
ponent X are not changed by performing an action of type 7 by this component.
He also introduces a notion of weak bisimulation which leads to observational
equivalence. A model from which actions labelled with undefined type 7 are
deleted, is weakly bisimilar to the initial one. Such an approach is a consequence
of the fact that the internal actions (7,7) cannot be observed or detected by an
external agent.

Let us consider a sequence in the component X presented in Figure 2. Starting
from the state X;, the component performs its internal action (7,) and the
observer looking at the system in this state cannot say of what type the activity is.
When the internal action is terminated, he can recognise the activity type of the
consecutive action (under the condition that the next activity is of “public” type).
The “private” activity of type 7 takes the component into the state X;. Because
the observer may determine the activity type of the current action beginning from
this state, from his point of view the state X}, is not interesting for he does not
know which activity transformed the component into it. He may suppose that the
time of passing from X; to X; has a distribution defined by a Coxian distribution
equal to the convolution of the “private” and “public” exponential distributions
with parameters A and rg, respectively [5] and the type of this transition is the
same as the type of the visible transition, i.e. ag. Reasoning as above suggests

ouT IN
(T7 /\) (aS’ TS)
X; o ° o X;
. B X J_ L
IN ouT

Figure 2: An example of a local sequence in the X component with internal
activity type 7 as a predecessor

that the activity type £ (see Subsection 4.1) resulting from the amalgamation
procedure should be replaced by the successor type ag.

4.3 Amalgamation Procedure

To begin, we state precisely how “an internal element” (such as X in Figure 2),
which will be removed due to the amalgamation procedure, may be identified.

Definition 4.2 A derivative X* is an internal sequential derivative of a local
sequence (ap,ag) in X if its enabled activity multi-set is {| (as,7s) [} and it is an
ap-derivative of a component whose enabled activity multi-set is {| (ap,rp) [}

7



A function which amalgamates local sequences and removes their internal
sequential derivative is defined as follows:

Definition 4.3 A function f : ds(X) — ds(X’) is a sequential epimorphism
from X to X' over a local sequence (ap,ag) if it is a surjective function such
that

1. if X* € ds(X) and X* is not an internal sequential derivative of a local
sequence (ap,ag), when X* and f(X*) are identical,

2. for any a € Act(X*), not part of a local sequence (ap,ays), the set of a-
derivatives of f(X*) is the same as the f-image of the set of a-derivatives

of X*,
. C (ap,rp) (as,rs)
3. for any pair of activities (ap,rp) and (ag,rs) such that X ¥
X3 there is exactly one derivative of f(X(), which may be reached by per-

(as,R)
forming (s, R) such that f(X() = f(X3). The expected delay between

f(XE) and f(X3) is the same as the expected delay between X§ and X.

Sequential epimorphism is a generalisation of weak isomorphism defined in [9]
(see also Section 3). However, it is much stronger since it removes states and
actions and changes some transition rates.

4.4 Classification of Sequences to be Amalgamated

Let M = A(Xéi)), i=20,1,...,n—1, be a PEPA model made up of n sequential
components, the Xéi). The A operator composes the Xo(i) using PEPA’s compo-
sition and hiding combinators. Let a be an activity type which may occur in M,
ie. o € A(M). We use shorthands as stated below:

M: the set of all the components Xéi), 1=0,1,...,n—1,

MP: the set of all components X((]i) in which no action of type a occurs,

M*>*: the set of all components Xéi) in which an action of type o may occur
but these components do not cooperate over «,

M. the set of all components Xé g cooperating over the activity type a.

It is obvious that M = M*?U M**UM®* and M\ M>* = M>*AM* =
M A M = (. Let a pair of activity types (ap,ag) be a local sequence in
some sequential components XO of the model M. We can restrict ourselves to
the cases listed in Table 1 for which M2P? = M@0 = (). If these sets were not
empty our classification would be still valid as long as their elements were cyclic
components. We also assume that each sequence (ap, ag) appears at most once
in each sequential component.

To remove ambiguity, in the context of the proposed classification, we give
details of the reduction of local sequences in each case. The following definitions
allow us to establish the boundary conditions of the sequences we consider.



[ | Mo = M
a) | Mors = M [T | M = M

T | MOS™ £ MA M £ M
I | Mos* = M

b) | Mer =M |[TT | M = M

I | M5 £ M A M £ M
MePs Z M 1 | Mo = M

c) A I | M =M
MY £ M || % MP = Mes
Mo £ M| TIT A o | MOP MO =0
M EM || xx* otherwise

Table 1: Possible manifestations of local sequences in sequential PEPA compo-
nents of the model M

Definition 4.4 A local sequence (ap,as) in X is a beginning sequence in a
model M built with X, if and only if, ap is not a successor in any local sequence
i X and a component whose ap-derivative is an internal sequential derivative of
(ap, ag) in X, is obtained only by cooperating actions of all components belonging
to the set M°s.

Definition 4.5 A local sequence (ap,as) in X is an ending sequence in a model
M built with X, if and only if, as is not a predecessor in any local sequence in X
and from a component which is an ag-derivative of an internal sequential com-
ponent, all outgoing actions are cooperating actions of all components belonging
to the set M“F.

Based upon these two definitions, illustrated in Figures 3, 4, and 5, we are able
to define local sequences which are made of exactly two actions labelled with
activity types ap and ag, respectively.

Definition 4.6 A local sequence (ap, as) in X included in a model M is a strict
sequence in M if it is a beginning and ending sequence in M.

We perform the amalgamation procedure in most investigated cases (Sec-
tion 4.4.2) for beginning/ending local sequences only, because this assumption
assures we will pick local sequences whose “boundary conditions” are the same
in all components. Before examining these cases we explain phenomena which
may occur when amalgamating local sequences.

We point out that no reward function can be associated with actions of type
ap or ag for these actions will vanish during the amalgamation process. The
choice of transition rate R will be discussed in next subsection.

Notice that the amalgamation of sequences leads to another model which
is smaller in size but it does not always ensure that the reduced model has a



° ° ° °
(ap,rpy) (ap,7p,) (8,b) (6,d)
o X, e Y, o X, o Y
G (aS7 TSxy) GT (aS7 T) G (Oép, Tny) GT (OéP, T)
* X, ® Y, * X, ® Y,
(8,b) (6, d) (as; Tsy) (as, 7sy)
° °
X3 Y3 X3 Y3
Up = X, B Y, Wo = X, Y,
(o) {ap)

Figure 3: Examples of beginning ((ap,as) in Uy) and ending ((ap, ag) in W)
sequences; shorthands: G = (v,9), Gt = (7, T)

(,-)/’g) X4 (527—[_) Y'O
°
(51ad1) ) (527d2)

o/ X,
(O[ParPX

° X,
(0457TSX)

° X,
(3,b)

°

X3

(52ad2
(61, ) Kol K
X% X,Y; * X4Y5
XOYO<> <>
X1Y1 XB}/ES X4)/;1
X1Yb X31/2
Figure 4: Example of beginning (ap,ags) sequence in XO{ e }YO; short-
v,91,02,¢9
hands: G = (v,9),B = (3,b), apy = (OéPﬂ“PX), ap, = (aP7TPy)7 Ag =

(g, min(rs,,rsy)), T = (6’ t), K; = (K, ki), i=1,2,3,4

A
product form solution. A Markov chain in which a transition i —— (i+ 1) with
G\
exponentially distributed rate may be replaced by another one i —— (i + 1)

with generally distributed rate with mean i and the steady state solution of the

obtained stochastic process is the same, is insensitive. In general we are going

10



(02, da)x, (B, 0)x, Apy x| Gsx x, (02,d2)
— = — T — T — T T

L NI N S S P ¢
(517031) (%9) (517031)
(02, T) vy, (5, k) y, Apy y, asy  y, (02, T)
/’_\/\/’W\

Y; ® ° ° ° ° oY,
(51, T) (’% T) (517 T)

(7. 9)
XoY1 XoYs

(02, da) K as (02, d3)
X4Ys .\/< <{~> ® X5Y,
(01, d1)X0Yo X1Y1 XaYs (5., dy)

Figure 5: Example of ending (ap,ags) sequence in X {wD;Q }YO; short-
01,02, p

hands: B = (8,b), K = (k,k) Ap, = (ap,rpy), Ap, = (ap,7p,), Ap =
(apamin(ranTPy))a asy = (O[SJASX)a asgy = (OZS,T'SY)

A A A
to replace a sequence of transitions i ——— (14 1) N (i + k)

whose behaviour is Coxian (which may be understood as an example of general

A
distribution) by a single transition with exponentially distributed rate, i —*,
(1 + k). We will obtain the most satisfactory values of performance measures
when the reduced chain is insensitive.

4.4.1 Phase-type Distribution

We have to consider the fact that local sequences in the components making up
the investigated PEPA model interact. The synchronised actions are performed
simultaneously in a group of PEPA components, the other actions are executed
independently and their instances interleave with one another.

; (7, ) (ap,7i) ;
Xé) [ ] [ ] [ ] XQ( )

X

Figure 6: The X(()i), 1=20,1,...,n — 1, a sequential component of M = A(X(()i))

We assume that a model component M is built with previously listed restrlc—

tions satisfied and it is made of n — 1 sequential components, M = A(XO ), as

presented in Figure 6. Let all components XO() cooperate over the activity type

11



= 0 s 9

XU(O) — (Xén_l), . Xlo'(o)
n—1 a(0

X, = (X&V, X0

Xy = (X0 xEO) L xlew

)

n-1) (1) (O
Table 2: State description for the graph in Figure 7

ap, i.e.

M=x{""Y g ...opax§V o x” (1)

{ap} {ap} {ap}
A realisation of the Markov chain underlying the model defined by Eq. (1)
is depicted in Figure 7, where o is a permutation, o : {0,1,...,n — 1} —
{0,1,...,n — 1} and the state names are given in Table 2. At each state of
the chain only one coefficient can be modified and the only possible change is
X(()i) — Xl(i), 1=20,1,...,n — 1. We can assume for simplicity that /\X(()i) =0

and /\Xl(i) = 1, so the chain’s initial state Xy is equal to (0,0,...,0) and the

last one, towards which the 7 transition leads, is equal to (1,1,...,1). All these
states are of the form (s Y ... sM 5) where /\(s(i) =0V s =1), so they

may be ordered by numbers in binary representation, i.e. (s ... s 5©0) =
sr=Non=1 4 ... 4 M2l 4 5090 Notice that the ordering relation “<” for the
natural numbers is also lexicographical ordering for (s*=1, ..., s s©) treated

as strings of characters. The general Markov chain diagram for the 7-type in-
dependent transitions has a “lattice-like” structure as may be seen in Figure 8
when it is 3-dimensional.

(T7 )\U(O)) (T7 )\0(1)) (T7 )‘0(2)) (T7 )\U(n—l)) (OéPa T)
X0 Xo) Xo(n-1)

r = min(r,)
K

Figure 7: A realisation of the Markov chain corresponding to the model com-
ponent M, M = Xé"fl) {Dﬁ} {Dﬁ} Xo(l) {Dﬂ} XO(O); state name descriptions in
Table 2

Let us consider “a 3-lattice-like” Markov chain as depicted in Figure 8. The
state numbered by 7 is its absorbing state and its transition matrix @ is an upper
triangle matrix obtained by a tensor (Kronecker) sum [6] Q = Q® & QY ¢ Q.

12



where

QU = [ —)\6 A(;]’ i=0,1,2.

N-1 .
More precisely, the resulting matrix Q@ = @ Q® has a structure:
i=0

o-[51)

where Q™ is an upper triangular matrix, dim(Q*) = n — 1 and q is a column
vector of n — 1 elements. The probability distribution F'(¢) of the time until

Figure 8: An example of PH-distribution, 3-lattice

absorption in the final n-lattice state (numbered by 2" — 1) is equal to [3, 14]:
Ft)=1—ae®"1 for t>0 and F(t)=0 for ¢ <0,

where 1 is a column vector of size n — 1 all of whose elements are equal to 1
and « is a row vector containing initial probabilities of lattice states. A pair
(a, Q") is called a phase-type distribution (PH-distribution). Its probability
density function f(¢) can be calculated as follows:

dF(t)

f(t) = = —aQ e? 1 = —ae?'Q"1 = acQq.

Notice that the transformations performed above are possible since the matrices
Q* and Q' commute and for each i, SEdgn = —qi, i =0,1,...,n— 2. The
moments m; of this distribution may be calculated by the formula:

m; = (—=1)%la(Q") ™1, i=1,2,... (2)

We set the initial vector a to (1,0,...,0) to indicate the fact that the in-
vestigated irreducible Markov chain always starts its performance at the state
numbered by 0.

13



4.4.2 Review of Sequence Cases

The cases to be reviewed are listed in Table 1. Diagrams which illustrate those
cases are complex and for this reason we apply some abbreviations, mostly con-
cerning types of a local sequence. Actions which are not synchronised and are
performed independently in a component X are written as ap, or ag, depending
on whether they are of ap or ag type. For synchronised actions we introduce
similar shorthand terms, for example Ap, ., As,, ,, Wwhere the lowest subscript is
a list of components which cooperate over either ap or ag type.

Case a.I: None of the activities labelled with ap or g is synchronised. Amal-
gamation of sequence may be performed entirely at the PEPA component level
for components do not cooperate either over ap or ag and assumption about

“boundary conditions” is not required. The new transition rate R in a PEPA
RORO)

sequential component X @ is equal to T’S_ 1=0,1,...,n—1. If both elements
Ts

of a local sequence are of undefined type (1), amalgamation has the same effect

as weak isomorphism (see Section 3).

XoYo
XO YvO [
° ° Qapy ap,,
\L(OZP7TPX) i/(aP)TPY) Xli/(). .X()}/l
(7,9)| o Xi (v, T)| @ Y3 APy g4 Ury (7, 9)
| (s, sy) | (as,rs,) (s Rs) | X111
[ ] [ ] [ ]
X Y, XoY5
fl Il
(Oés, R) (aSa R) (Oés, R)
/ 2 / / N / IAVdi SN IAVdi
Xo&  AX, Yi&_ Y] Xjyye& exjy)
(7. 9) (7, T) (7,9)

Figure 9: An example of the a.Il case, X {Dﬁ}%, X {Bﬂ}}/g; shorthands:
ag,y g,y

apy = (O‘Parpx>7 ap, = (O‘ParPy)

Case a.Il: All actions labelled with ap are performed independently, all actions
labelled with ag are synchronised. Dealing with this case we are restricted to
beginning sequences only and an example of a model is pictured in Figure 9. The
activities of type ap form an n-lattice in the model. The average time ﬁ of
passing through this structure is given by Eq. (2). If all but one transition rate
of the activities of type ag are equal to T then the effective cooperation rate

Rg in the global chain is equal to ré), 7“5 # T; in other cases Rg = mlnz(rg))
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The effective rate of the replacement activity for the entire strict local sequence

is equal to R = Igs—m.

Case a.Ill: All actions labelled with ap are performed independently, some
of the actions labelled with ag are synchronised. Amalgamation is possible for

beginning sequences. All local sequences are replaced by actions of type ag.
For those which take place in components from M®s the new transition rate

min; @ . . .
is computed as %, where X € M®s_ A is an inversion of the mean
min;(rg
passage time through the n-lattice whose actions labelled With ap come from
components X @ which belong to M®s. In components X® from M — M®s
the amalgamation procedure is performed individually; the transition rates are

RO = 2z752_  This case is illustrated by the example pictured in Figure 10.

rp,tTs,

(7, 9)
XoY0Zo
X1YOZO X1Y1 0
X v z X\izy g
° ° ) °
G G (Oés,R) \0557R*)
G T T X4VIZ) o XY
o) oo T Jloss LR S
° ° ° (as, RY)
X} Yy zh X’Y Z
Figure 10: An example of the a.III case, X {Bﬂ}% ?? Zo, X Bﬂ YO’ ?ﬂ} Z;
ag,y v
shorthands: G = (v,9), ap, = (ap,7p,), as, = (as,7s,), apX = (ozp,rpX)

ap, = (aP’rPY)’ ASX = (Ozg,rs)
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Case b.I: All actions labelled with ap are synchronised and all actions labelled
with ag are independent. This case is dual to a.Il, so it concerns ending sequences
only: firstly an action of type ap is performed in all the sequential components,
secondly the components independently execute their own actions of type ag
(Figure 11). As for a.IT we set the transition rate of the new action, R, as an
inversion of the mean of the Coxian distribution of two exponential distributions
with parameters Rp and Ag, respectively.

X Yy XoYo  (7,9)
[ ) [ ] [ ]
\L(OéP,’I“PX) i/(OéPaTPy) (O[P, RP)\l/
(v.9)| & Xy (7, T)| o Y asy ~® as,
) (as,7s,) | (as.75,) X,Y,® °X,Y,
[ ) [ J
XQ Y2 asy e X
XY
Il Il
(O‘Pa R) (aPa R) (OZPa R)
! /—\ ! lA /—\ ! ! ! /—\ ! !
Xo®  *X, Yoo oY, XoYy & 0 X5V,
(7,9) (v, T) (7. 9)

Figure 11: An example of the b.I case, X, {Dﬁ Yy {BQ}ZO; shorthands: G =
ap,y

ap,v}
(v,g), agy = (CYS>TSX)> agy = (CYS,T’SY)

Case b.II: All model components cooperate over ap and over ag as well. No-
tice that both elements of a local sequence (ap, ag) are synchronised and actions
labelled with ap, ag establish automatically “boundary conditions” for launch-
ing and terminating the execution of actions of these types. The condition which
has to be satisfied is that a component X(()Z), of which an internal sequential
component, Xl(i) is an ap-derivative, does not contain other outgoing actions ex-

@ ©Prex) ) : N
cept X;” —— X;", for all sequential components X @ in the model. For the

moment we assume additionally that all sequential components making up the

model contain the (ap,ag) local sequence. These conditions ensure that the
probability of choosing the (ap,rp,) action in the state Xéi) is the same as the
probability of choosing (ag, R), R = IZ::(Z%))LIZ;;:E;))) in X’{" although the tran-
sition rates of outgoing actions are different. Hence both these probabilities are
equal to 1.0. Consequently, in the global Markov chain underlying the entire

(ap,min; (rg) )
R

initial model, the two consecutive actions (X(()O),X((]l), . ,X(()N_l))
(a ,mini(r(i)))
D 0 g

(Xl(O)’ X{l), o ’X{N—l)) 57, ,7X2(N_1)) are replaced by one
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_ (as,R) _
(X’éo),X’gl),...,X’éN 1)) R (X’go),X’gl),...,X’(zN 1)) and there is no other

transition outgoing from the (X(()O), (()1), e ,X(()N_l)) and (X’(()O), X’(()l), e ,X’gN_l))
global states (Figure 12).

total (arp, mini(rg))) (as, mini(rg))) total
input i i i output
flux Xo X X flux
L f

total (as, R) total
input ° ° output
flux X% X' flux

Figure 12: Amalgamation of a sequence for the b.II case, all components building
up a model contain the local sequence (ap, ag); states of the global Markov chain,
X; =X, X0, x5 =012, X = (X0, x0T k=

J J

0,2,

For the initial model, the total input flux is equal to 7(X) mini(rg)). The
balance equation for the state X is

m(Xo) min(ry)) = (X 1) min(ry) (3)

and the right hand side of this equation represents also the total output flux

leaving “the channel” at the state X;. From Eq. (3) we can express m(X ) as a
function of 7(X) and find a sum

min; (rg )

¢
ﬂX@+ﬂXﬁ=(L+E&@Q)ﬂXw
In the reduced model the total flux passing through the underlying Markov chain
is channelled by the transition between m(X’y) and 7(X’s) and we may state
that A
7(Xo) min(ry)) = 7(X’)R.

With the transition rate R calculated as above we conclude that 7(Xo)+7(X,) =
m(X'0).

The amalgamated version of the initial model preserves throughput of activi-
ties other than suppressed ap even if some components of the model do not con-
tain the local sequence which is to be amalgamated. Let a model be made up of K,
K # N, components containing the (ap, as) local sequence, X, X1 X (E=1),

) (OCP:TEJ’L)) Xl(z) (aS=r,(5,'i))

with synchronisations for X(()Z XQ(i), 1 =20,1,..., K — 1, and
N — K components, X®) X&E+D  X(N-1 in which this local sequence does
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not appear. All actions taking place in X5 XE+D X WN=1 components do
not change the states of the first K components whilst in these first components
states are fixed to (X](O),Xj(l), o ,X;Kﬁl)), j = 0,1,2 because their transition
rates do not depend upon the first part of the chain’s state. We may examine
separately the Markov sub-chains constituted by the N — K last components only.
Notice, that those sub-chains are identical because functional transition rates are
not allowed in PEPA models. Moreover they may not be irreducible because a
subset of the components may require cooperation with any of the first K compo-
nents and these components are blocked waiting for the sequence of actions of ap
and ag to be accomplished. A sum of all incoming side fluxes for all global states
with the first K entries fixed and the last N — K coefficients changeable is equal
to a sum of all outgoing side fluxes for those global states (Figure 13). For this
reason we may consider groups of states (X](O), . ,X](K_l), XﬁK), . ,XiN_l)),
7 =0,1,2, ¥ — any state, and actions between them labelled with the ap, ag
types, as “a channel” capable of carrying the total flux passing through the global
Markov chain.

outgoing outgoing outgoing
side flux side flux side flux

r 1r 1r

input EO‘P ; mini(rg)) )’ (s, mini(rg ))’ ) output
flux X, X, X, flux

r

incoming incoming incoming
side flux side flux side flux

L f
outgoing outgoing
side flux side flux

input (as, R) output
° °
ﬂUX X,O ){I2 ﬂUX

incoming  incoming
side flux  side flux

Figure 13: Amalgamation of sequence for the b.II case, some components
building up a model do not contain the local sequence (ap,ag) the global
Markov chain, X; = (X\”, ..., X" 0, x"  xVY) = 0,1,2, X', =
(X,20)7 . ,X’g-K_l),X’iK), o ,X’iN_l)), k =0,2, x — any state
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(ﬁvb) \L(O‘ParPx) (s, 7Tsy) (9,151) ‘ (‘97t3)

X, ® ° ° ° ° X, TN
i X1 Xo X3 | L *h
(1, ) (8,T)
B, T
(B, 7) 6.12)
0,12)  (ap,rey) (as,rsy) | o
Y, ® ° ° D% U, ® o[
0 ¢ v Y, | 3 0%
Figure 14: An example of the b.IT model, ((X; o Y1) |{>§ Zy) {Df}] Uy
Xo = (B,0).X; Xy = (B,b).X3;
X1 = (O{p,?"PX).XQ; X{ = (O{p,R)Xé,
Xy = (as,rsy).Xs;
X3 = (0,t1)X4, Xé = (Q,tl) 1/1’
X, (5, k). Xo+ (7,9).X1; | Xy = (K5, k). Xg+ (7,9).X71;
}/0 = (eatQ))/la )/0, = (07t2) 1/;
Y1 = (ap,rp,).Ys; Y/ = (ap, T).Y5;
Yo = (ag,rsy).Ys;
Y; (v, Yo+ (8, 7)Yy, | YS = (v, T)Yy+(8,T).Y];
Z() (Q,tg)Zl, Z(l) = (Q,tg)Z{
UO = (9,t4)U1, U(/] = (9,t4)U{,
U = (v,7).Up; U = (v, T1).Ug;
(X550, ) B 20) B 0o | (X B, W) B Z0) BT T

Table 3: Representation of the model illustrated in Figure 14 with the PEPA
min(rpy 7py ) min(rsy rsy)
min(rpy 7 py ) +min(rs vsy-)

formalism, R =

We solve a model of this case using the PEPA Workbench software.

As an example, diagrams of the model are illustrated in Figure 14 and its
description with the PEPA formalism in Table 3. The initial model consists of
24 states, the amalgamated one, 20. Throughput of v activities, 9., is calculated
as

(m(X4, Y3, Z1,Ur) +7(Xy, Y3, Zo,Ur)) - g

for the initial and reduced models. Throughput of ag activities, 9,4, is found
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using the formula

> 7(Xo, Y2, z,u) *x min(rg,, rs, )
ZG{Zo,Zl},uE{Uo,Ul}

for the initial model and

> (X, Y/, 2 u) R
2'e{Zz},21} ' e{U], U}
for the reduced one where R = -nlexmhy ) minrsy rsy) Assuming that all the
min(rpy ,mpy- ) +min(rsy,7sy)
initial model’s transition parameters are equal to 1.0 we get ¥, = 0.11 and

Uag = 0.22 in both cases. The sum of probabilities

(7T(X1, Yia 2, U) + 7T(X2, YVQa 2 U))
(z,u)€{Z0,Z1} x{Uo,U1}

is equal to the sum derived from the amalgamated model

(X1, Y], 2 u') =0.44
(2" ") e{z},2,} x{U},U;}

and for the final local sequence states

7(X3,Y3, 2,u) = > m(X35,Y;, 2 u') = 0.22.
(z,u)e{Z0,Z1} x{Uo,U1 } (2" w')e{z},2,} x{U},U;}

Case b.III: All actions labelled with ap are synchronised and some actions
labelled with ag are synchronised. Amalgamation in this case may be performed
for ending sequences only. Let M@r/as Mer/@s c M be the set of Xéi)
components which belong to the M“? set and whose indices are the same as
those of elements of the M“s set. The sub-model consisting of these sequential
components fulfils the conditions of the b.IT case. The other sub-model, the
components of which belong to M/M®P/%s (or — equivalently — to M®s*)
satisfies the conditions of the b.I case. The apparent transition rate of the syn-
chronised action of tgpe ap is calculated from rate values for all the components
X0 Rp = mini(rg ). The transition rate of the action of ag type executed

simultaneously by elements of M*S is equal to Rg = mini:xé“e/\/tf’és (Tg)). The
total transition rate of the action of type ag we obtain with the use of Eq. (2) for
transition rates of aig activities of X(()Z), X((]Z) € M®s* together with “cooperation

2
rate” Rg.

Case c.I: Some actions labelled with ap are synchronised, all actions of ag type
are performed independently. The amalgamation procedure may be performed
for all components in which local sequences are ending ones. In the components
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Xo Yo Zy o( )
° ° ® ap,Tp
\L (OéP,TP) i/ (OéP,T) \L (aPaT) ASXY PS as,
Gl oM Grieh Grieh X,Y,7, °X .V,
, ’T , 21241 14142
fasrse) \f (s T) \flasrs,) 0RO 300
X, Y, Zs X, Yo 7o G
Il Il Il
(Ozs, R) (O‘Sv T) (Ozs, T) (0457 R)
X, & eX|Y;&  eY] Zj& ez, X\YZ; &  eX}V3Z
(7,9) (v, T) (v, T) (7,9)

Figure 15: An example of the b.III case, XO{ 7} O{BQW}ZO,
ap,ag, ap,

X {D@QV}YO’ {Dﬂw} Zy; shorthands: G = (v, 9), Gt = (7, T), Asyy = (s, 754y ),
[ ag,
as, = (as,rs,)

whose indices belong to M“? the new activity type is set as ap, in the others as

ag. For the first group of Components X @ the transition rate of the introduced
(i)

%, X® e M*P where A is the inversion of the

min; T‘P

mean passage time through the n-lattice computed according to formula (2). For

the latter the transition rates are evaluated for each component X @ separately,
. P
RW* = (l)+ iy, X @) € M — M*P. The amalgamation procedure cannot lead to

action is equal to R =

a model Whose Markov chain is reversible (Figure 16).

Case c.II: Some actions labelled with ap are synchronised, all actions of ag
type are synchronised. This case consists of instances of the a.Il and b.I cases so
only beginning sequences may be subjects of amalgamation. The total transition
rate resulting from the simultaneous execution of activities of type ag is equal
to Rg = mini(rg)). The transition rate of actions of type ap performed in all
components belonging to M? is equal to Rp = mini(rg)) and this value is
included in the computation of total transition rate of passing through an n-

lattice, according to Eq. (2).

Case c.III: Some components of the model cooperate over ap, some of them
over ag. This case has to be considered more carefully, by three sub-cases:

* The same components cooperate over ap and ag. If M*? = MS we deal
with cases a.I and b.II applied to two disjoint sets of sequential compo-
nents and amalgamation is possible when done independently, see Figure 17.
The transition rate Rxy is equal to the inversion of the mean passage
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[ ] [ ] [ }
MOZPJ"PXY) MOZPaT) MOZPJ“PZ)
(7,9)| ® Xy (7. T)| e 1} (v.T)| & Z
| (as,7sy) [ (as,7s,) | (as,7s,)
[ ) [ ] [ J
X, Y, 7y
XYoo
Apy, G
XY Z,

[ () [ ] ap,
X/Y/Z,/ \Oés,R*
Gt Gt XYZ’
Jor )\ _Jan )\ Jlos aS,R\ Sl |

X} Y] Z XY, 7,

Figure 16: An example of the c.I case, (Xj {Bﬂ}%) ?? Zy, (X} {Bﬂ}}/b’) ?ﬂ} Z;
ap,y v ap,y ¥

shorthands: G = (v,9), Apy, = (ap,Tpyy ), ap, = (ap,rp,), as, = (as,rs,),

(ISX

= (aS7TSX)a as, = (aS7TSy)

time through the synchronised transition ap in Xy and Y, and through
the 2-lattice with parameters Rp, and Rp,. The rate Ry is computed
analogously: upon the synchronised transition ag in Zy and Uy and the
confluence with Rg, and Rg, . Notice that the resulting model component

X} {Bﬂ}}/d {Dﬁ Z} does not have product form solution.
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Xo Yo Zy
° ° °
\L(QP’TPXY) l/(apa T) \LaPZ
o X, o Y o 7
) XY 7—|— zZ
G\ @5 (A f@s D fas
Xo Y, Zo
fl Jl fl
X g 2
° ° °
G ( )(Oés, RSXY) G( ) (CYS, T) G ( )ASZ
° ° °
X5 Yy Zy

Figure 17: An example of the c.JIL.x

X} {%}YO’ {?{] Zj; shorthands: G = (v,9), ap,

XoYoZo
aPXY/.\ ap,
as [ [
WA WA S
[ ] [ ] [ ]
G,PZ\./ \./G’PXY
aSz\./any
X,Ys 7o G

X'Y’Z’
SX/ \ASZ
A\ /Sxy

X2Y2Zé G

case, (Xo K P Y()){Df}]zo,

{ap,ag,7}

— (aP7TP2)7 a’SZ - (aSarSZ)a

APxy = (Oép, TPXY) ASyy = (OéSa TSxy)v ASXY = (O‘Sa RSXY)’ ASZ = (Oés, RSZ)

*x All model components cooperate over ap or over ag.
erate over ap do not cooperate over ag and vice versa. A model splits
automatically into two sub-models depending on the activity type, ap or
ag, over which synchronisation is carried out. One of them fulfils case a.ll
conditions, the other those of b.I. An example where amalgamation can
be performed for both sub-cases is pictured in Figure 18. However, the

reduced model cannot have a product form solution.

* % % All model components cooperate over ap or

over ag. Some of them coop-
erate only over ap, some only over ag, some over both the types. Amal-
gamation is not possible as presented in Figure 19 by an example in which

MOP = {Yo, Zo}, MOP* = {Xo}, MO = { Xy, Yo}, MO — {Z,).

4.4.3 Performance Values Results for the Reviewed Cases

Models of each case investigated in the previous

presented in Table 4.
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subsection were computed in
order to find throughput of transitions not involved in the amalgamation pro-
cedure. Depending on whether the underlying Markov chain was insensitive or
not, the results were exact or approximate. A summary for examples we have

Those which coop-



X} Y] Z) ofs X’Y’Z’ U0

[ ] [ ] [ ] [ ] BPXY CSZU
BSXY CSZU
G ol |Br o il X’Y Z U0 oX Y3 2303
[ ] [ ] [ ] [ ]

X} Y} Z Ul X’Y’Z’ U2
G

Figure 18: An example of the c.ITL.xx case, (XO D(] Yo) D? (Zo I><] UO) short-

hands: G = (7,9)7 Gt = (/77 T)’ APXY = (aP’rPXY) ASZU (aS’TSZU)7 ap, =
(ap,7p,), apy; = (OéPJ’PU)7 asx = (as,7py), ap, = (as,7p, ), Bpygy, = (ap, Rxy),
BT = (Oép,T), CSZU = (aS7RZU>7 CT = (0457—[_)
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XoYoZo

X, Y Z

.0 .0 .0 aPX/a.\ A

¢ (ap,Tpy) WCYPJPYZ) MOZPaT) AP;Z\PX/’\ as,
G 4 Xl GT g le GT g Zl AS /’\ /%LP

) (s rsn) \ {(as, T) Vas,rs,) s,

g o o as, \ ¥ Ag.,

X Y, Zs o —————

XoY5 7, G

Figure 19: An example of the c.IIL.x* % case, (X, {D{]} Yo) {D{]}ZO, shorthands:
ag,y ap,y

G = (%g>7 Gt = (77 T)? apy = (anrPx)v APYZ = (anrPyz)v as, = (045,7"52),
ASXY - (aS?rSXY)

H Case: ‘ Markov Chain ‘ Throughput Results H

a.l not insensitive approximate
a.ll insensitive exact
a.Ill not insensitive approximate
b.1 insensitive exact
b.IT not insensitive approximate
b.IIT insensitive exact

c.I not insensitive approximate
c.II insensitive exact
c.IIl.x not insensitive approximate
c.IITLxx not insensitive approximate
c.ITl.x x x not applicable

Table 4: Throughput values for models of each case
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4.5 Semi-Input-Output Linear Components

The amalgamation procedure may be performed “sequence by sequence”. A
reduced model M’ is obtained by amalgamating suitable sequences in the com-
ponents Xél) of M, (ap,,as,),- .., (ap,,as,). It may happen that we can proceed
further with reduction of sequences (8p,, 8s,),- .., (0p,, Bs,) in the components
X' g) of M’ and obtain another model M”. Iteration can be carried out until there
is no sequence in the components Xg' <" of MN* suitable for amalgamation.

Definition 4.7 A PEPA sequential component X of a model M is a semi-input-
output linear component when it can be transformed by the iterative amalgama-
tion procedure into a sequential input-output linear component Y .

The number of states in the modified chain is smaller than in the initial one
and the probability mass is dispersed according to activity transition rates and
states which have been deleted. We will try, however, to reason about what
performance measures we are able to derive from the new chain (in terms of the
example in Figure 20).

Ao A Arm1 o N 7@ W +K Aty AN-1
D e U L o N
° ° ... 0 o 1, Fri1 \® o... 0 °
0 po 1 py 2 pr—1 I HI+1 UN—1

M I+1

Figure 20: The Markov chain underlying a semi-input-output linear component
with one potentially amalgamated sequence

The transition between the states I and I + 1 in the Markov chain pictured
in Figure 20 can be considered as performed according to a Coxian distribution
with all probabilities equal to 1. The steady state probabilities of the Markov
chain states [, [l = 1,2, ..., I may be stated as:

T = 0001 " * " 01—1T0, (4)

where o = % Probabilities of states lying upon the edge between I and I + 1
are:

"
Trro = TNT1 = TN — ﬁﬂ-[
TNT1 = TN4+1T2 = TNl = r_lﬂ-N — T'_IT_O,N-I — T'_o,n.l
r2 r2 Tl ro (5)
— oy . ,
TNHKTK+1 = TN4K-1TK == TN4K = rKIj-lﬂNJFK*l - TK(-)H .

For the states [ and I + 1 we can write global balance equations which allow us
to calculate 71 and 7y 9:

iy = wr(pr—1+710) —mr—1A;—1  which rewritten:
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Tr+1Mdr = 0001 - 91—2(91—1MI—1 + 01—179 — )\1—1)7T0 yieldsr

To
Tr+1 = Qo001 " 01-1—To
K1
Tre1(Are1 + (1) = TxTNek + o172 replacing o as in Eq. (5)
PraTrse = Trpr(Arpr + pr) — 1oy
To
priamrre = —(Arp1 + pr)mr — romy
I
To
Tr+2 = Qo001 0r-1—014+170-
K1

States [ located on the right hand side of a cycle with Coxian distribution i.e.
chain states numbered by [ = I+ 2,1+ 3,..., N — 1, have probabilities equal to

To
T = 0001 01-1—01+41 " * 01-1T0-
K1

A sum of probabilities of “Coxian states” (i.e. Markov chain states numbered by
I=N,N+1,...,N + K) is given by:

N+K K+1 1 K+1 1

Z T; = TITo Z — = Q001" 01-170¢ Z —
i=N =1 j=1

. . ’
J J

where m; are substituted by expression from Eq. (5). The normalisation equation
of the investigated chain depending upon 7 is formulated as:

To(1 + 0o + @001 + - + 0001+ 01-1 + Q001+ 011 Z;:El %ﬂL
0001 "+ 91—1;—3 + 0001 - QI—lZ_(;QI-H +o 00010 QI—lZ_(;QI-H ~on—2) =1
(6)
A possible reduction will replace the series of transitions between I and I + 1 by
one transition with rate R equal to the mean of the Coxian distribution. The
resulting Markov chain has a normalisation equation as follows:

mo(1+ 00 + 0001 + -+ 0001+ 0r-1 + 0001+ 01-13+ ™)
0001 - QI—1£QI+1 + -+ 40001 91—1“—139”1 - on—2) =L

The expressions in brackets in Eq. (6) and (7) are replaced by shorthand terms
d and D, respectively, i.e. my = é and 7y = %. Since ¢ is always greater than R,
factors gg - - - Ql,lﬁglﬂ --- oy are always greater than corresponding ones with R.
As they appear in denominators, we get my < 7. From (4) and the fact that 7,
[=1,2,...,1, have similar structure we conclude that

m < 7, [=1,2,...,1.

In case of the chain depicted in Figure 21 sequential transitions between [
and I + 1 take place in both directions. As before, state probabilities up to the
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N +1
o...0

oA A Yo TR A
T _
e AL rK\/”Nl M=l
.\_/\_/...M/.\SM 80/.\_/..\_/.]\/'
0 po 1 pa 2 pr-11 e o [y v Vo
N+K+M N+ K+1
e...0 S1

Figure 21: The Markov chain underlying a semi-input-output linear component
with two potentially amalgamated sequences

state I may be computed depending upon 7 as in Eq. (4). Analogous reasoning
for the segmented branches gives us:

TN 44 = T_qﬂ-la Z.:Oa]-w'w}(
— S0 ) —
TN+K+j — 8_7.7TI+17 J = 1727"'7M

The global balance equations for chain states I and I + 1 using which we compute
the probabilities 7,1 and 77, are:

mi(ro+pr-1) = AT FSMTNIK+M = T4 = 0T

Tr1(So + A1) = HiaaTiye TRk ATNG K = Trpo = Z—EQHNTI
and on the right hand side of the state I 4+ 1, i.e. for the chain states numbered
byl,l=1+21+3,...,N, the probabilities are equal to:

To
T = Q001" Q1718—Ql+1 cr01—17T0-
0

From the normalisation equations we obtain, for the initial chain, 7y = é and for
the reduced one: ) = 5,
d = 1400+ 4001 01-1+ 000115 + 00011520111+
00 01-1320141 " ON—2 + 2

(8)

and

D = 1+Qo+"'+QoQ1"'9171+Q0"'9171£—8+Q0"'Q171%Q1+1+ 9)
R
Q0 0r-1g0r+1" " ON-2

where ¥ is a shorthand for a sum of probabilities of states lying on the segmented
branches. The parameters R and S are means of the Coxian distributions, i.e.

K+1 K+1 M M
2 I 7 2 I s
R— =0 j=1,j7#i g — 1=0 j=1,j7#1
o K41 ’ o M
II 7 I1 s
i=0 i=0
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The fraction 2 is greater than or equal to if and only if

8 0

=0 i=0 j=1,j#i

K+1 M =1 (10)
ITr> 11 s

If the condition (10) is satisfied, the denominator d from Eq. (8) is greater than
the denominator D derived from Eq. (9) and 7y < 7, which may be extended up
tol, m<ml,i=1,2,...,1.

A direct conclusion is that if the initial state 0 is a starting point of the
segmented edge (or, dually, the final state N — 1 is a starting point of such
a series) and this is the only segmented sequence in the investigated chain,
To+ St ot = T (Tvo1 + X v = Ty_q dually) holds.

4.6 An Example of Amalgamation in Semi-Input-Output
Linear Components of a PEPA Model

Xo Yo XoYo
° °
(72, 92) (71,91) (72, T) (71, T) (72, 92) (71,9
ol X, oy,
(Oés,’l“s) (aSaT) 04577"5
X3 A YES g (77 T)
(ap,Tx) (ap,ry) X3Y3 Ry ’X2Y2
° ° Rx
Xo Y,
Il Il
X5 Yy XoYy
° ° °
(72, 92) (,91) (92, T) (7, T) (72, g2) (71, 91)
ol X1 oY/ ol X1Y/
(s, R*) (7,9) (as, T) (7, T) (as, R*) (7, 9)
° ° °
X5 Yy XY,

Figure 22: A PEPA model to be reduced, X, [ YO and its compact form

{7172, s, v}
X/

B Y(; shorthands Rx = (ap,7x), Ry = (ap,ry)

0 {172,057}

After solving global balance equations of the Markov chain underlying the
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PEPA model X, . B> }YO presented Figure 22 we compute a sum of probabil-

. Y1,72:085Y
1t1es:
TXoYe T TX3Ye T TXovs T TX3ys =
919(rs (X Hrxry 12 ) trxry (rx+ry))
(g1+g2)rsrxry (rx+ry)+a19(rs (% +rxry+r3)+rxry (rx+ry))

g19(rs (% +rxry +12)4rxry (rx+ry))
= .

- (11)

The local sequence (ap, ag) is a beginning sequence in the model X o Pﬁ " Yy
172,48,

and it may be amalgamated according to the algorithm provided for the case a.Il
in Section 4.4.2. The mean transition rate R of passing through the 2-lattice con-
fluence labelled with (ap,rx) and (ap,ry) is calculated by the formula (2). The
value of R* is found as the mean of the transition rate of the Coxian distribution
which is the convolution of two exponential distributions with parameters R and
rg, respectively,

R — rsrxry(rx +71y)
rxry(rx +ry) +rs(rk +rxry +7%)°

The local balance equations written for the Markov chain underlying the reduced
model X} Y, are:

0 {712,057}

- @ _ 99
WX{Y{ g0 71-X(/)YO/’ 7TX£Y2’ g2 R* 71-X(/)YO/
which give us: w = 99 and this expression is the same as the
g X5Y; R*(g1+g2)+g192 p

one in Eq. (11). Notice that the throughput of the activity labelled with «g is

also preserved in the reduced chain; hence rgmy,y, = #4223 rxtry) g equal to
* ) g19R*
R R*(g1+92)+g192"

5 Conclusions and Further Work

In this paper we have investigated which sequences in sequential PEPA com-
ponents may be potentially amalgamated in order to obtain a smaller model
preserving some features of the initial one. We make a decision, based upon
whether an action is synchronised or not and upon the observational assump-
tion, as to which action type should be chosen for the amalgamated transition.
We have proposed definitions of distinguishing sequences of actions to be amal-
gamated and a classification of them depending on the model topology. For
each case of possible sequence amalgamation we gave an explanation of how to
calculate a transition rate for the introduced action. We defined and discussed
in detail PEPA sequential components termed semi-input-output linear compo-
nents. Finally, we showed the impact of the amalgamation procedure upon these
components, including also an illustrative example.
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Amalgamation of sequences may lead to models whose underlying Markov
chains are reversible. We are interested in further investigations in which cases the
reduced model has this feature. The crucial point is to investigate for which listed
local sequence cases an underlying Markov chain to be reduced is insensitive. Such
a chain may be used for computations of values of some performance measures.
Not insensitive chains may be used for computations of bounds of these measures.
For the other hand, we also want to study in the future upper and lower bounds
and to research models obtained from the initial one by adding extra actions in
order to get another Markov chain.
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