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Abstract

Qualitative reasoning (QR) is a technique integrating the fields of Al and systems theory,
whose aim is to be able to reason about the behaviour of systems with uncertainty in
parameter values and in the exact quantitative dynamics. Traditionally applied to the
study of the dynamics of physical systems, QR has been usually considered in a deterministic
setting. Here we investigate the application of a QR approach to the analysis of continuous
time Markov chains (CTMCs), and we focus on the application of probabilistic fluxes analysis
as a first experiment in this context.

1 Introduction

Qualitative reasoning (QR) is an approach to analysing dynamic systems at a level of abstraction
which disregards precise quantitative parameters but nevertheless is able to derive information
about the possible behaviours which might be exhibited by the system [6, 7]. It has been pri-
marily studied in Al and can be regarded as a form of knowledge representation. It is sometimes
likened to common-sense reasoning, the analogy being that we can all predict the behaviour of
many physical dynamic systems, such as the swinging of a pendulum, without having to analyse
the differential equation which precisely governs that behaviour. Motivations for QR include
uncertainty about parameter values, uncertainty about the initial conditions of the system, or
even explicit uncertainties in the model, for example with stochastic differential equations [4].
Applications of QR include diagnostics, fault prediction, planning, argumentation and explana-
tion.

Recently QR has been proposed in the context of systems biology [1, 5]. In biochemical
systems biologists often characterise behaviour based on the qualitative trends of proteins con-
centrations rather than quantitative amounts. There are several reasons for this:

e parameter values for models of biochemical systems are rarely known in detail;
e the models themselves may be based on partial knowledge and speculation;

e difficulties in exactly repeating the same experiment, and the indirect forms of measurement
used, make it difficult to characterise a behaviour quantitatively.

Given its origins in modelling physical systems QR is usually applied to systems of differential
equations which have deterministic behaviour. The motivation for this paper is to consider
whether there is scope to develop an approach to QR for stochastic models of dynamic behaviour.
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Figure 1: Schematic view of QR reasoning.

This is preliminary work and the current paper is intended to explore the issues which may be
involved rather than present any definitive answers.

2 Qualitative Reasoning

A number of different styles of qualitative modelling have appeared in the literature but they
all start from a continuous, generally deterministic, representation of the dynamics of a system,
usually as a set of ordinary differential equations (ODEs). Abstraction is applied to the system
so that rather than look at the continuum of possible values for variables within the equations,
instead a discrete set of intervals is identified. The boundaries between intervals are important
and termed landmark values for the variables. In the simplest case the landmark values might
be just —T,0, T, creating the intervals (—T,0) and (0, T) i.e. we only distinguish whether a
value is negative or positive. If the differential equation governing the behaviour of the variable
includes higher derivatives (i.e. the differential equation is higher than first order) each derivative
is treated as a distinct variable. Thus if we consider a ball thrown vertically into the air, its
height at time t is given by

1
z(t) = —igt2 + vt + 29

and the variables correspond to the height and the velocity. The height may be positive or 0,
whereas the velocity may be positive, negative or zero.

Which ever style of qualitative modelling is used, the steps of QR are broadly the same
and as illustrated in Figure 1. The potential qualitative states can be found by considering the
product space derived from the qualitative states of each variable. However, in general it will
not be possible to reach all these states as the dynamics of the system places constraints on its
behaviour. For example, once the velocity of the ball has reached zero it is no longer possible
for the height of the ball to increase. Applying the qualitative constraints to the product state
space reduces it to the qualitative model which may be represented as a phase diagram or a set
of qualitative differential equations for example. In essence this captures which combinations
of intervals and values for variables are valid. This representation may then be subjected to
simulation to derive valid trajectories, or envisionment. An envisionment is the state transition
diagram for the qualitative state space. It may be either a total envisionment, considering all
valid states, or an attainable envisionment, showing only those states reachable from known



initial conditions.

In some systems we may gain more understanding of the behaviour of the system if as well as
the qualitative value of state variables we also have qualitative information about its derivative.
For example, if we consider a swinging pendulum, knowing that the velocity is positive does not
characterise the different behaviours in different parts of the trajectory. However if we also know
how the rate of change of velocity is varying we gain a more complete view of the behaviour. Thus
some QR systems incorporate not just variable intervals and landmarks into their representation
of qualitative states, but also derivative intervals and landmarks [2].

There has been some work interpreting the envisionment as the state transition diagram for
a Markov process and then subjecting it to usual Markov analysis [4]. In this case probabilities
must be attributed to each of the transitions within the state space. In [4] this is done using
a relative frequency argument. Doyle and Sacks work with a phase transition QR model and
choose the probabilities according to the proportion of points within the volume of phase space
corresponding to the abstract state which will follow a trajectory leading to another abstract
state within one time unit. Once the Markov chain is generated they propose analysing it to
identify transient and ergodic states, as well as usual Markovian analysis to find steady state and
time to absorption in the case of an absorbing Markov chain. Note that this is quite different
from what we are interested in. Here the stochasticity is added only after the derivation of the
qualitative state space as a means to assess which (deterministic) behaviour is more likely. We
are interested in replacing the dynamic model on which the QR is based by a continuous time
Markov chain (CTMC).

3 Flux-based Analysis: a First Experiment on Stochastic
Qualitative Reasoning

We will consider CTMC models which might arise from consideration of systems composed of
interacting components, for example PEPA models. Thus the dimensions of our CTMC will
correspond to the possible local states of the components, and our state representation will be
the count of the number of components exhibiting each local state. These will be variables which
QR would seek to abstract. Therefore note that the high/low style of PEPA modelling, and Bio-
PEPA with levels, could already be viewed as qualitative representations of the system, with the
PEPA /Bio-PEPA semantics providing the qualitative constraints, and the derived state space
being an attainable envisionment.

However this is not the focus of our current experiment. Here we aim to investigate al-
ternative, possibly more abstract, ways of viewing the dynamics of a CTMC. In general, the
quantitative dynamics of CTMC are studied in two ways.

e By simulation, in which one possible trajectory through the state space is generated at a
time, exhibiting one possible result of the stochastic choices within the system. Multiple
trajectories must be generated before any conclusions can be drawn about the behaviour of
the system. However the behaviour which is observed is definitive in the sense that there
is a clear progression from state to state.

e By numerical solution of the state probability distribution, considering all possible be-
haviours at the same time. Here what is observed is not a progression from state to state
but a shifting of probability mass within the probability distribution as some states become
more likely than others over time.

It is not straightforward to map either of these directly to the ODE characterisation of system
dynamics on which QR is usually based. Like simulation the ODE could be regarded as a linear



time view, as a single trajectory is observed. However, in many ways this trajectory is related
to the expected value of state variables which might be observed in numerical solution of the
CTMC as the ODE dynamics allows all possible actions to occur at once. In other words the
ODE trajectory corresponds to the expected value of the state variables in the CTMC. Thus we
have chosen this latter view of the CTMC and wish to consider how analysis of the probability
distribution and the forces governing its evolution may be used for QR.

CTMC models are characterised by a steady-state and a transient window. Starting at time
t = 0 the model eventually reaches its steady-state within a given time ts5 > 0. The time interval
[0,tss] is the transient window of the CTMC model. However note that this notion of steady-state
is quite different to that considered in the QR literature, where due to the deterministic nature
of the dynamic model the steady-state is a single, absorbing state.

In the rest of this section we focus on probabilistic fluzes into/out of a given state of a (finite
state) CTMC model, and we investigate their use for the analysis of the (qualitative) dynamic
behaviour of the CMTC. First we give a few relevant definitions, and then we show the result
of flux-based analysis on a few simple systems.

An (n>1)-dimensional CTMC M is characterised by a set of n non-negative integer valued

variables (X1, X2 .- X™), and a state s; = (:c;, x?, -+, a%) € S is an n-tuple representing the
values of each variable X* in state s5.
A transition ¢ : s; — s (with s; = (le,xf, , ) and s = (z},23,--- ,z})) such that

Q(sj, k) > 0 is called an X i—incrgasing transition if and only if (z% <j,). Similarly, g is called
X'-decreasing iff (v} >w}), and X -invariant iff (2% =17).

Given an n-dimensional CTMC M = (S,Q,s¢), a state s; = (x]l7x?, ,27) € 5, and a
variable X' (with 1 < i < n), we define Ey,(s;), E_i(s;), E=i(s;) < E(s;) as the outgoing
rates from state s; corresponding to, respectively, X*-increasing, X*-decreasing and X"-invariant
transitions (and we call them X*-increasing, X'-decreasing, and X'-invariant outgoing rates).

Formally, they are defined in Eq. (1), Eq. (2) and Eq. (3), respectively.

Di<k<m bz QS50 Sk) if of <,

Eii(s;) = (1)
0 otherwise
Doi<k<m iz QS5 Sk) if ot > ),

E*i(sj) = (2)
0 otherwise
Di<h<m oz QS50 5k) if o} =},

E:i(sj) = (3)
0 otherwise

These tell us the rates of change to particular variables in particular states but since we view
the system through its probability distribution we need to instead consider the expected values
for these rates of change, i.e. the probabilistic flux. Given a state s € S, and a time instant
t € R, we define the instantaneous state out-fluz as follows.

Definition 1 (Instantaneous state out-flux) The instantaneous state out-flux for s at time
t is defined as:

flux(s,t) = w(s,t) - E(s) = w(s,t) - —Q(s,s) .

The out-flux for state s at time ¢ is computed as the product of the transient probability of
being in state s at time ¢ (i.e. 7(s,t)) multiplied by the emanating rate from s (i.e. the sum of
rates of all its outgoing transitions).



We can now define the i"-dimensional instantaneous state out-flur and the it"-dimensional
instantaneous total out-flux.

Definition 2 (Instantaneous i*"-dimensional state out-flux) The instantaneous i‘"-dimen-
sional increasing/descreasing/invariant state out-fluxes for s at time t (with 1 < i < n) are
defined as:

fluxy, (s,t) ==
fluz_,(s,t) =7(s,t) - E_;(s)
fluz—,(s,t) = 7(s,t) - F=;(s)

where E1;(s), E_;i(s), E=i(s) < E(s) are the X'-increasing, X‘-decreasing, and X'-invariant
outgoing rates from s.

The i*"-dimensional increasing/decreasing/invariant state out-flux are, hence, the portions of
fluz(s,t) corresponding to, respectively, X -increasing, X‘-decreasing and X -invariant transi-
tions.

The X'-instantaneous gradient state out-fluz, denoted as fluxs;(s,t) is defined as the differ-
ence between the increasing and the decreasing fluxes:

fluzsi(s,t) = fluxy,(s,t) — flux_,(s,t) .

Definition 3 (Instantaneous i‘"-dimensional total out-flux) The instantaneous i*"-dimen-
sional increasing/descreasing/invariant/gradient total out-fluxes at time ¢t (with 1 < i < n) are
defined as:

fluwi(t) = fluz (s, t)

ses

fluz_;(t) = Z fluz_;(s,t)

seS

flux—;(t) = Z fluz—;(s,t)
seS

fluzs;(t) = Z fluzs;(s,t)

seS

The total i*"-dimensional out-fluxes (increasing/decreasing/invariant /gradient) for the CTMC
M at time t are the sum, over all states of M, of the i*"-dimensional increasing/decreasing and
invariant/gradient fluxes at time t (again, for the sake of readability, M is omitted from the
notation of total fluxes).

Definition 4 (i*"-dimensional flux analysis of CTMC) Let T = [t1,t2] be a time interval
(with t; < ta € RY), F € N* be the sampling frequency of T, and A = ||(tLFt1)|| be the
sampling period denoting the amplitude of each sub-interval of T. The it"-dimensional flux
analysis for a given CTMC M owver the time interval T is achieved through calculation of the
increasing/decreasing/invariant/gradient fluzes for M over the time interval T and with respect
to the sampling period A.

In the next section we show some results of the flux-analysis for a few simple models.



3.1 Flux analysis of CTMC: Some Examples

We consider few examples of multi-dimensional CTMCs modelling elementary biochemical sys-
tems. The number of dimensions of each such a CTMC corresponds to the number of biochemical
species in the considered system. In each one of the following examples we calculate the positive,
the negative, the invariant as well as the gradient flux of each dimension (i.e. species). We discuss
the obtained results by comparing the flux behaviour with classical transient analysis.

3.1.1 A—-B-—-C

We consider the 3-dimensional CTMC model corresponding to the biochemical system described
by reactions:

A— B

B—C )
Equations (4) are an example of simple closed system (i.e. the total population is invariant)
representing the transformation of molecules of a source species A into molecules of a target
species C' via an intermediate species B. For simplicity we assume the two reactions to be bal-
anced (i.e. having the same rate) and we consider an initial configuration with only 10 molecules
of A (i.e. we assume (10,0, 0) to be the initial state). We observe that the corresponding CMTC
has (n + 1)(n + 2)/2 states (where n = ag is the initial amount of A) with exactly one deadlock
state (i.e. (0,0,7n)). The dynamics of such a system is intuitively pretty simple: starting at time
t = 0 species A will monotonically decrease to 0, while its dual, species C, will monotonically
increase to n = 10. On the other hand the intermediate species B will have a peak correspond-
ing to the progressive transformation of A into C. The transient behaviour of species A, B
and C' is depicted in Figure 2, where each line represents the instant reward of a version of the
CTMC model with state rewards (i.e. rewards corresponding to the level of each species have
been assigned to each state of the chain): this corresponds to the expected value of the species at
that time. Figure 2 reflects the intuition with A and C' monotonically increasing and decreasing,
respectively, throughout the transient window, and with B peaking after about 1 time unit.

Figure 2: Instant reward (transient analysis) of the A — B — C model.

The interpretation of fluxes is also in compliance with the intuitive description of the system
behaviour, however it requires a little bit more thinking. With respect to the positive fluxes (Fig-
ure 3(a)) we observe that A-positive flux (blue line) is constantly null, as A cannot increase at
all in this system. On the other hand, B-positive flux (green line), starting from its maximum
level (corresponding to the maximal rate of conversion of A into B), steadily decreases up until



all A molecules have turned into B molecules. Finally the C-positive flux for (red line) shows a
peak representing the maximal speed at which C' is produced and which happens slightly after
B has reached its peak (i.e. at ¢ = 1, compare the green line of Figure 2 with the red line of
Figure 3(a)), which is: when half of the A molecules has turned into B molecules. The inter-
pretation of the negative fluxes (Figure 3(b)) and invariant fluxes (Figure 3(c)) can be devised
similarly. Finally we spend a few words commenting on the gradient fluxes (Figure 3(d)) be-
cause they provide the most significant source of qualitative information about the dynamics
of a CTMC model. Figure 3(d) illustrates the qualitative behaviour of the system within the
transient window. Specifically we observe that A-gradient flux (blue line) is always negative,
signifying that the overall amount of A will constantly decrease. On the other hand, C-gradient
flux (red line) is always positive, meaning that the overall amount of C will only increase in the
system, although the presence of a peak tells us that the speed of such growth will progressively
slow down after an initial acceleration. Finally, B-gradient flux (green line) spans from (strongly)
positive to (weakly) negative, meaning that after an initial fast growth, the increase in B will
slow down and eventually turn into a decrease.
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Figure 3: Fluxes calculation for the A — B — C model.

3.1.2 A 3-way oscillator.

As a further example of CTMC flux analysis we consider a slightly more complicated system,
known as the 3-way oscillator [3]. The model is (as in the previous case) a 3-dimensional CTMC



model corresponding to the biochemical system described by the following 3 + 3 reactions':

basic reactions doping reactions
A+B—B+B Dpa+B— A+ Dy
B+C—-C+C Dg+C — B+ Dp
C+A—-A+A De+A— C+ Do

Species D 4, Dp and D¢ represent doping substances for the main species, respectively A, B
and C. Stochastic simulations show a permanent oscillation for the above system: the levels of
molecules for the three species A, B and C fluctuate permanently and in a co-ordinated fashion.
The presence of the doping reactions guarantees that the oscillation does never stop. In this case
the resulting CTMC model is finite-state and ergodic (no deadlock states). We also consider
the no-doping variant of such model, whereby doping reactions (and species) are removed. In
this case the system still oscillates; however, the oscillation damps down in finite time (i.e. the
underlying CTMC has 3 deadlock states corresponding to all molecules accumulating in either
A, Bor C).
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Figure 4: Fluxes calculation for the 3-way oscillator model with doping.

INote that even though there are actually 6 species in this systems, the underlying CTMC is still 3-dimensional,
as three of the species, namely D 4, Dp and D¢, are just modifiers (i.e. neither reactants nor products), and thus
their amounts do not need to be captured in the state.



Results of flux calculations for a version of the model with initial state (50, 5,5) are showed in
Figure 4 for the oscillator with doping (i.e. sustained oscillation) and in Figure 5 for the oscillator
without doping reactions (i.e. damped oscillation).

oscillator no doping —— A=50, B=5, C=5 —— UP flux

oscillator no doping —— A=50, B=5, C=5 —— DOWN flux

800 800
i —-=A ’ = A
H —~B B
600} ~C 600] -C
x bo
x|l 3 |
3 | > |
= 400} | Z 40054
> | S |k
A?ﬁr o EEX‘
200 | %
I &
0! :
1 1.5 2 0 0.5 1 1.5 2

Time

(a) fluxsa, fluzyp, fluxic

oscillator no doping —— A=50, B=5, C=5 —— CONST flux

800+

() fluzx_a, flur_p, flur_c

oscillator no doping —-— A=50, B=5, C=5 —— DIFF up-down "

1000

\“ -=A —=A
i —B —B
(
600} | ~+C x 500 —cC
x| =
5 c
= | 3
400 0
© &
8 -500
1.5 2 ~1000; 0.5 1 15 2

Time

(c) flux=a, flur=p, flux—c (d) fluxsa, fluzsp, flursc

Figure 5: Fluxes calculation for the 3-way oscillator model without doping.

In both cases the oscillatory behaviour of the system is reflected by the fluxes, although the
sustainability of the doped oscillator clearly cannot be observed through fluxes because of their
transient nature: the oscillatory trend of the fluxes fades away as the steady state is approached.

The main difference between the doped and non-doped oscillators is reflected by the fact
that at steady-state fluxes stabilise at a positive value for the sustained oscillator, and at zero
for the damped oscillator. Furthermore, if we compare, for example, the positive fluxes of the
sustained (Figure 4(a)) and damped (Figure 5(a)) oscillators, we observe that C-positive flux
grows much faster in the doped oscillator than in the non-doped one. This is due to the presence of
the doping reactions (and, specifically, of reaction Do+ A — C'+ D¢ ) which boost the production
of C' molecules proportionally to the amount of A (which in the initial state (50, 5,5) is indeed
large); in the non-doped case, instead, the growth of C is due, exclusively, to transformation of
B into C (i.e. reaction B + C — C + () which, due to the low (initial) level of B, makes the
growth of C much slower.
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Conclusion

In this paper we have explored the information which can be gained from considering the prob-
abilistic flux acting on state variables in a CTMC. We have demonstrated that this provides
an interesting alternative view of the dynamics of the system. However this cannot currently
be regarded as qualitative reasoning as both states and rates are represented in full and not
abstracted. Moreover, the approach we take, by sampling the probabilistic flux using transient
analysis of the CTMC, is computationally intensive and would not be feasible for large systems.
Nevertheless this appears to be a rich topic for further exploration.
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